Journal of Advances in Applied &

Computational Mathematics

Positive Solutions of a Riemann-Liouville Fractional Dirichlet
Boundary Value Problem: Existence, Uniqueness, and Parameter
Dependence

Xiaoyan Liu“®", Yong Zhou?, Chen Yang"*3 and Chengbo Zhai"* 2"

'Shanxi Police Vocational College, Taiyuan, Shanxi 030036, China
2School of Mathematics and Statistics, Shanxi University, Taiyuan, Shanxi 030036, China
3Shanxi Vocational University of Engineering Science and Technology, Taiyuan, Shanxi 030036, China

ARTICLE INFO ABSTRACT

Article Type: Research Article In this article, we discuss the parameter dependence of positive solutions to
Academic Editor: Youssef Raffoul fractional differential equations with Dirichlet boundary value conditions.
Keywords: Through fixed point theorems about increasing operators and decreasing

Positive solutions

Parameter dependence
Existence and uniqueness
Dirichlet boundary value problem
Riemann-liouville fractional derivative established to approximate this unique solution. Finally, we give two examples
Timeline: which prove the applicability and validity of the main conclusion.

Received: August 30, 2026
Accepted: October 17, 2026
Published: October 22, 2026

Citation: Liu X, Zhou Y, Yang C, Zhai C. Positive
solutions of a riemann-liouville fractional dirichlet
boundary value problem: Existence, uniqueness, and
parameter dependence. ] Adv Appl Computat Math.
2026; 13(2): 173-186.

operators, the existence and uniqueness of positive solutions is proved for each
given fixed positive parameter. We analyze the monotonicity, continuity and limit
behavior of solutions with respect to the parameter, and an iterative sequence is

2020 MR Subject Classification 26A33; 34B15; 34B18.

DOI: https://doi.org/10.15377/2409-5761.2026.13.10

*Corresponding Author
Email: cbzhai@sxu.edu.cn

©2026 Liu et al. Published by Avanti Publishers. This is an open access article licensed under the terms of the Creative Commons Attribution
Non-Commercial License which permits unrestricted, non-commercial use, distribution and reproduction in any medium, provided the work is
properly cited. (http://creativecommons.org/licenses/by-nc/4.0/)



https://www.avantipublishers.com/
https://doi.org/10.15377/2409-5761.2026.13.10
http://creativecommons.org/licenses/by-nc/4.0/
https://orcid.org/0009-0008-5642-4546
https://orcid.org/0009-0002-1731-2620
https://orcid.org/0009-0002-3619-5722

Liu et al. Journal of Advances in Applied & Computational Mathematics, 13(2), 2026

1. Introduction

Owing to excellent performance in describing the dynamics of complex systems, fractional-order models have
been increasingly applied, and a number of integer-order models have been transformed into fractional-order
models for research [1-6]. For instance, the authors [3] incorporated fractional derivatives into the compartmental
model of the Ebola epidemic. In [4], the authors verified that the fractional-order compartmental model is highly
consistent with the data published by the World Health Organization.

Nowadays, fractional differential equation (FDE for short) has been as a good tool for the modeling of different
phenomenons. Therefore, fractional boundary value problems (FBVPs for short) have been a hot research topic for
decades due to their extensive applications in the scientific field. One of the core research contents of boundary
value problems (BVPs for short) is the existence results of solutions [7-22]. Many researchers have focused on
investigating BVPs composed of specific boundary conditions (BCs for short) and FDEs, [23-39] and the related
references cited therein.

In [9], Cui studied the following BVP for a FDE

(—D§+Y(t) —pOFEY () +q@®) =0, te(O1),
Y(0)=Y'(0)=0, Y(1)=0,

where D§+ is the standard Riemann-Liouville derivative(RLD for short) and 2 < p < 3 is a real number. Under the
assumption that f(¢t,Y) is a Lipschitz continuous function, the author studied the uniqueness and existence of
solutions for the above FDE by using fixed point theorems of u,-positive operators.

In [10], Zhang and Zhong studied a FBV P
D&Y () + f(t,Y () =0, 0<t<l1,
n
Y(0) =Y'(0) = =Y®D(0)=0, DEy()=2 f h(t)DE, v (t)dt,
0
where D3‘+,Df+ are the RLDs of orders a, B respectively, and satisfyn—1<a<n(n=3),=1,a—--1>0,0<7n <

1,and 0 < Afonh(t)t“‘ﬁ‘ldt < 1. The authors used Leggett -Williams fixed point theorem and Krasnosel'skii fixed
point theorem as core tools to prove the existence of triple positive solutions.

In [11], the authors considered a FBVP
DEY(®) +2g(t,Y(t) =0, 0<t<1l, n-1<f<n n>3,

m
YD) =0,j =0,1,-,n—2, DLY(1) = Z D&Y (t),
i=1

where Df+ denotestheRLD oforderfe (n—1,n] (neNandn=>3), 0<t; < <t,<1l(meN), pe[l,n—-2], q€
[0,p], ;=0 (i =1,..,m), the parameter A > 0, and g(t,Y) is a continuous function and may change sign and may
be singular att = 0 or t = 1. The authors used the Guo-Krasnosel'skii fixed point theorem on cones as the core tool
to prove the existence of positive solutions by constructing operators.

In [16], Wang studied the following FBVP

—D&.Y(t) + Aa(®OY () = y(t), te (0,1), a € (23],
(Y(O) =Y(1) =Y'(0) =0,

where D, is a RLD of order a, the parameter 2 > 0, a € L*[0,1]. The author derived some new properties of the
corresponding Green function, and got the multiplicity and existence of positive solutions by utilizing the fixed point
index theory.
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In [17], the author discussed the following FBVP

—DE&.Y(t) + a(®)Y(t) = y(t), t€ (0,1), a€ (12),
(Y(l) =0, =Y(0)=0,

where D§, is the RLD, and a € L'[0,1]. The author obtained some positive properties of the Green’s function for this
problem under certain conditions. In addition, the paper considered a semi-positone FDE: —D§, Y (t) = uF(t,Y(¢t)),t €
(0,1), @ € (1,2), and obtained the existence of positive solutions under a more general condition: F(t,Y) = —b(t)Y —
e(t), where b(t),e(t) € L'[0,1] are non-negative functions. However, the uniqueness of positive solutions was not
considered.

In [18] and [19], the authors studied the FBVP

(—D(’)’+Y(t) +a(®)Y(t) =gt Y(®), 0<t<1, ye€(23),
Y'(1) =0, Y(0)=Y'(0)=0,

where D(’J’+ is a RLD of order y, a € €[0,1] with @:= max{|a(®)|:t € [0,1]} < % The authors deduced some
positive properties of the Green’s function for the above FBVP. They proved the uniqueness of solutions by using
mixed monotone operator theory and the Schauder fixed point theorem.

Inspired by the above work, we study the following FDE with Dirichlet BCs

—D&Y(t) +a(t)Y(t) = Ag(t, Y(t), 0<t<1, 1
{Y(O) =0, Y(1) =0, (1.1)

where D, is the RLD, a € (1,2), 2 > 0 is a parameter and a € L'[0,1]. We obtain the existence and uniqueness of
positive solutions through fixed point theorems of monotonically increasing and decreasing operators, and analysis
the relationship between the solution and the parameter. In [41, 42], we gave the existence, uniqueness and the
parameter dependence of positive fixed points for increasing operators. But for decreasing operators, the
parameter dependence has not been obtained directly. To fill the gap, we first discuss the parameter dependence
of positive fixed points for decreasing operators. The structure of this paper is as follows, in the second part we give
some basic definitions and related properties of the Green function, and give some contents of fixed point
theorems. The third part gives the relevant nature of positive solutions to the problem (1.1). Finally, two examples
are given to demonstrate the applicability and validity of the main results.

2. Preliminaries and previous results

Definition 2.1 ([40]). Let 2 = 0,b(0 < b < «). For a function f: 2 — R, the Riemann-Liouville fractional integral of
order p > 0 is defined as

1 fx f@®)
L) Jo (x—0)1°

1 f(x) = dt (x > 0;p > 0).

Here I'(p) is the Gamma function defined by
+0oo

T'(p) =J- tP~le~tdt,p > 0.
0

Definition 2.2 ([40]). The RLD of order s € (1,2) of a function f(x) is given by

DS F() = ﬁ(j—x) jo “ - Tt Gt
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Lemma 2.1 ([17]). Let a € (1,2), a € L'[0,1] and suppose that
() A= [ la@®[t(l — )% dt < T(a);

(i) Ay = [ la(@®It( — )]*2dt < +oo;

Az

=——<1.
(=) (T ()-Aq1)

(iii) A
Then, for any y € L'[0,1], the FBVP

=DgY(t) +a(®)Y () =y(), 0<t<1,
Y(0)=0, Y(1)=0

admits a unique solution given by
1
Y(t) = j t% 2k, (t,5)y(s)ds,
0

where k,(t,s) = 215 (—1D) "k, (8, s), and the kernel k, (¢, s) is defined recursively as

kn(t,s) =f amn® ko (t, Mkn-1(n,)dn  (n=12,..),
0

t27% ([s(1 — £)]* 1! <s<t<1,
ko(t, ) = {[s( 01+, 0<s<t<

T Us(1— O] = (s— )1, 0<t<s<l,

Lemma 2.2 ([17]). From Lemma 3 in [17], it is known that k. (t,s) is a uniformly convergent function series on
[0,1] x [0,1]. Moreover, k,(t, s) satisfies the following properties:

. A-M)p@®)aq(s) .
(i) kq(t,s) = TTe-n ! Vs,t € [0,1];

I 1+M)p(©)aq(s) .
(i) kq(t,s) < Tape Vs, t € (0,1);

(1+A)q(s) .
(i) kq(t,s) < Tt Vs, t € [0,1];

where p(t) = p(1 —t) = t(1 —t), q(t) = t(1 — t)* L.

¢ 4= _ _a+m

It is worth mentioning, for s,t € (0,1), from (i)(ii) in Lemma 2.2, we know tha < .
r(a-1) = r'(a)p(s)

Let (E, ||-]) be a real Banach space, K c E is a cone. The space E is partially ordered by the cone K, i.e.,, x < y if
andonlyify—xeK.Ifx<yandx=+y, wedenotex <yory>x.Ifthereis N>0suchthatforx,yeE, 6 <x<y
yields ||x|]| < N||y||, then K is called normal and N is called the normality constant of K. An operator A:E - E is
increasing if x <y yields Ax < Ay. Similarly, one can define decreasing operators. For x,y € E, the notation x:y
means that there exist 4, u > 0 such that Ax < y < ux. Given h > 6, denote a set K;, = {x € E|x: h}, then K;, c K.

Lemma 2.3 ([41, 42]). Let K be a normal cone in a real Banach space E, h > 0, and let A: K — K be an increasing
operator which satisfies:

1. There is hy € K}, such that Ah, € Kp,;

2.Forany x € K and t € (0,1), there exists ¢(t) € (t,1) such that A(tx) = ¢(t)Ax.
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Then
1. The equation Ax = x has a unique solution x* in Kj,;
2. Giving an initial value x, € K, if x, = Ax,_, n = 1,2, .., then x,, > x* asn - oo.

Lemma 2.4 ([41,42]). Under the conditions of Lemma 2.3 and let x;(1 > 0) denote the unique solution of
equation Ax = Ax. Then

1. x, is strictly decreasing in 1: 0 < 4; < 1, yields x;, > x;,;

2. If there exists y € (0,1) such that ¢(t) =t¥ for t € (0,1), then x; is continuous in 1: 1 - 1,(4, > 0) yields
[l2ca = x| = 0;

3. limy oIl = 0, limyo + x|l = oo

Lemma 2.5 ([43]). Let E, K, h be given as in Lemma 2.3, and suppose that A: K — K is a decreasing operator which
satisfies:

1. There is hy € K}, such that Ah, € K;;;

2.For x € K and t € (0,1), there exists ¢(t) € (t,1) such that A(tx) < ﬁAx.

Then the operator A has a unique fixed point x* € K,,. And, taking any initial value x, € K;,, we make the sequence
x, = Ax,_;,n=1,2,---,then|lx, —x*|| > 0 as n - oo.

Lemma 2.6.Under the conditions of Lemma 2.5 and let x; (A > 0) denote the unique solution of equation Ax =
Ax. Then

1. x, is strictly decreasing in A: 0 < 4; < A, yields x;, > x;,;

2. If there is y € (0,1) such that L <1

< — for t € (0,1), then x; is continuous in 2. Namely, 2 - 1,(1, > 0) yields
o0 = v 2 y y

[l22 = 23, || = 0;
3.limy |l ]l = 0, limy_g + ||lxz]] = oo.

Proof. For 1 > 0, by Lemma 2.5, %A: K, — K;, is a decreasing operator and satisfies

1 1 1 1 1
(EA) (tx) = ZA(tX) < 1 mAX = m

(GA) @), xeKnte (1)
Then, according to Lemma 2.5, %A has a unique fixed point x, in K, that is to say, Ax; = Ax;.

Let 0 < A; < 4, and define t, = sup{t > 0:x;, = tx;,}. Then 0 <t, < oo and x;, = tyx;,. Next we prove t, = 1. In
fact, if t, < 1, then according to Lemma 2.5 (ii), we can get

Az

1 1 1 1 1 -y
X) =_Ax11 <_A(t0x12 <—t0 Ax,lz = 1
1

<—A tY ,
R ) S b M = 7 0 %y

and thus

1.y
X3, 2 A_ztox’ll'
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Hence,
1 1 ).1 1 /11 1 /11 /11 2
X, =—Ax, S —A(—t'x;.) < —[p(—t] TAx,. < —(—t)VAx;. = ()1t x5,
Aoy /12 Aoy 12 (}Lz 0 Al) }Lz [¢(12 0)] A1 /12 (/12 0) Aq (Az) 0 A1

that is,
/‘12 _ 2
X2, = (/1_)1 Yt(l)’ Xz
1

Since (%)i‘yt(’)’2 > t, this contradicts the definition of ¢,. Thus, t, = 1. Therefore, x;, = x;,. From this, we further
1

know that x;, = iAx/h < iAx,lz = —x;,, that means x;, = 22 . By using of that A is increasing,

A1

X2

—1A <1A/‘11 <1 /‘11 _1A <1 Al v 4 _ /‘{1 1-y
2 Az xﬂz - Az ().2 xﬂ.l) - Az [¢(AZ)] xll - Az (/12) xll - (12) xﬂ.l'

and hence
X, = (j—j)l_yx,lz »x,, VO0<A <A (2.1)

Now we prove that x; is continuous in 1. Given 1, > 0. From (2.1),
x) < X0 V> AO' (22)

Let t; = sup{t > 0: x3 = tx; .} (1> 1p). Then 0 < t; <1andx; = tyx;,. Thus

1 1 1 Ao _,
X) = _A.X'A < IA(tAxAO Axlo = t/l AXAO = 1 t/l XAO,

2 )_/1¢(t)

. A
that is to say, x;, = A_Ot}l/xﬂ » t]x;. Consequently,

1 1, 1o 1, A e
Xy, = /,l—oAx,l0 < zA(t/lx,l) < A_O[(p(tlx’l)] Ax; < z(t/l) YAx, = /1—015/1 X3,

which implies

2
l t/l X0
. el . }.0 yz . 1—y 0 l 11Y
By the definition of t;, we obtain ¢, ==t that is, ¢, Since 1 —y2 >0, it follows that t; > (/1)
Therefore,

1
02 (270, V>, (2.3)

Let N be the normal constant of K. By (2.2) and (2.3), we obtain
1

1
Ao\1=72 Ao\1=72
i =2l < [[3o = ()™ || < |1 - () ﬂnx&,n, > 2.

From this, we know that when A - 2, +0, ||x; — x,|| = 0. Similarly, it can be proved that when 1 - 1, —0,
[loc2 = 23, || = ©.
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In(2.1), let ; = 1 and 1, = A, then
X, =M1 x,;, VAI>1,

and thus
N
Il < 2= lxll, v a>1,
therefore, when 1 - oo, |[x;]| = 0.In (2.1), take A, = 21 and A, = 1, then

X)L>

_/11—_yx1, V0</‘1<1,

SO,

1
llxcall = W”Jﬁ”. VO<A<Ll
From this, we know that when 1 — 0%, ||x;]| - .

3. Main Results

We discuss the problem (1.1) in the space E = €[0,1], a Banach space under the norm ||Y|| = maxg<;<;|Y (t)|, where
Y € C[0,1]. Defineacone K c EbyK ={Y € E:Y(t) = 0,t € [0,1]}, then K is normal.

Theorem 3.1. Assume that

(H1) g(t,Y):[0,1] x [0,4+00) — [0, +0) is continuous, g(t,0) # 0 for t € [0,1] and
1 _ 1 a—1
0< J (1-5)*2g <s,%) ds < +oo;
0

(H2) g(t,Y) isincreasing in Y € [0, +) for fixed t € [0,1];
(H3) For T € (0,1), there exists ¢: (0,1) — (0,1) with ¢(t) > 7 such that g(t,tY) = ¢(7)g(t,Y), Y € [0, +o0),t € [0,1].
Then

1. For every fixed 1 > 0, the problem (1.1) has a unique positive solution Y;" in K, where h(t) = t* ' —t* for t €
[0,1]. And, for Y, € K}, putting the sequence

1
Y, (t) = A f %2k, (t,5)9(S, Yoy (s))ds,n = 1,2, ...
0

it must be that ¥,,(t) - Y, (t) as n - 4+, where k. (t, s) is given as in Lemma 2.1;
2. Yy is strictly increasing in : 0 < 1; < 4, means Yy, <Yy ;

3. If there is y € (0,1) such that ¢(r) =¥ (0 <t < 1), then Yy is continuous in A: 1 - A,(4, > 0) means
)/l* - YA*O - O;

4., lim;[_,o +”Y)L*” =0, lim,l_,+oo||Yf|| = +o00.

Proof. Now, define an operator T: E - E by
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TY(t) = J-lt“‘zka(t, s)g(s,Y(s)) ds,
0

where k,(t,s) is given by Lemma 2.1. Firstly, we prove that T: K — K. For arbitrary Y € K, we have Y(t) > 0 for t €
[0,1]. By Lemma 2.2 and (H1),

Ty(t) = flt“‘zka (t,$)g(s,Y(s))ds = f t > 1= Mp()4(s) g(s,Y(s))ds =0,

0 Fla=-1)

and according to the definition of cone K, T: K — K. Next, we verify that T: K — K is increasing. For any ¥;,Y, € K and
suppose Y; <Y,, we getY,(t) < Y,(t),t € [0,1]. So for t € [0,1], by Lemma 2.2 and (H>),

1
TY,(t) = TY,(8) =fﬂ*mwwwmn@rw@%@mm

f pa—z L= DPB(S)
0

Ma-1) [9(s,Y2(5)) = g(s, Y1 (s))]ds = 0,

this shows that T: K — K is increasing. In the sequel, we check that T satisfies other conditions of Lemma 2.3. Since
h(t) = t%2p(t) = t* 1 —t%, it is obvious to see that h € K. Then we take the derivative of h(t), and there exist.

min h(t) = h(0), max h(t) = h(ES).

te[0,1]

Next, we mainly show that Th € K,,. Let t, = “7_1 according to the continuity of g(¢t,Y) on [0,1] X [0, +%) and (H>),
we can obtain g(t, h(t)) < g(t, h(t,)) for t € [0,1]. Further, considering Lemma 2.2, the following inequalities hold

Th(t) =f t% 2k, (t,5)g (s, h(s))ds
0

flt“‘z (1 =Mp®)q(s)
0 Fla—1)

S [ epwawts s

>

g(s,h(0))ds

(a-
I‘(a

1-—
- 2 [(awats s heo

;= L A(?),

Th(t) =f t% 2k, (t,5)g(s, h(s))ds
0

Jl pa—z LT VPO
0 F(a)p(s)

<

9(s, h(to))ds

@+ (tq@)
= T p(s)g( »h(to))ds - h(t)
_@a+h a2 (a -1
D v
.= L,h(t),
where [, = - Al))f q(s)g(s,0)ds, 1, = (i(”;)f (1-5)%2g ( @ ;) )ds From (H:) and Lemma 2.2, we know that

q(s)g(s,0) =0,q(s)g(s,0) #0forse[0,1]and A< 1,s0l; > 0. Also, by Lemma 2.2 (i)(ii) and (H1), we can easily get
I, = 1;. This further implies that, 0 < I; < L,. That means, [;h < Th < l,h, s0 Th € Kj,.

Now, we indicate that the condition (2) of Lemma 2.4 is also satisfied. For t € (0,1), Y € K, by (H3),
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1
T(Y)(t) = J- t% 2k, (t,5)g(s, Y (s))ds
0

> 900 £y (1,5)g(s, Y (5))ds
= ¢(0)TY(¢).

Considering Y(t) = ATY (t). From the above content, it can be seen that T satisfies the conditions of Lemma 2.3.
Consequently, there exists a unique Yy € K, such that TY; = %Y){‘, thatis ¥y = ATY; and

1
vy () = A f £ 2k o (,5))g (s, Yy ())ds.

Let u:= % then TYY = uYi. From Lemma 2.1, Y7 = Y7 is a unique positive solution of (1.1). Further by Lemma 2.4
© u ©

(1), Y1 is strictly decreasing in w. That is, Yy is strictly increasing in A: Yy, <Yy for 0 <4; < 4,; by Lemma 2.4 (3), one
"

has limy_, ;o ||y || = +o0,lim;_y +||¥;|| = 0. Moreover, if ¢(7) = t¥ for T € (0,1), then Lemma 2.4 (2) implies that Y} is

continuous in A: 2 - A4(4, > 0) implies ||v; — Y5l = 0. In addition, let T:= AT, then T also satisfies all the conditions

of Lemma 2.3, and thus, for Y, € K, putting the sequence ¥, = TY,_;,n=1,2,.., one has Y,, » ¥; asn - +. In other

words,

1
Y, (t) = Af t9 2 ko (t,8)g (s, Yu_1(s))ds,n = 1,2, ...
0

and Y, (t) - Y;(t) as n —» +oo. Noting that ¥y € K;, and h(0) = h(1) = 0,h(t) > 0 for t € (0,1), we get ¥;(t) > 0fort €
(0,1). So Yy is a positive solution.

Corollary 3.1. Assume that conditions (H1)(H2)(H3) in Theorem 3.1 are true, we take A = 1, it can be known that
the FDE with Dirichlet BCs

—DEY(t) +a()Y (D) = g(t.Y (), 0<t<1, a€ (12),
{Y(O) =0, Y(1) =0,

has a unique positive solution Y* in K,,, where h(t) = t*~! — t%. And, for Y, € K, making the sequence

1
Y,(t) = J t% 2k, (t,5)g(s, Yu_1(s)ds,n=1,2,..,
0

one has Y,(t)>Y*(t) as mn-+owo, where a€lL'0,1] , kqi(ts)=XrS%(=D"k,(t,s), and k,(ts)=
Jy an 2 ko(t, Mkn_1(n,)dn (0 = 1,2,+).

Theorem 3.2. Suppose that

(H4) g(¢t,Y):[0,1] X [0, +) — [0, +0) is continuous, decreasing in Y € [0, +) for fixed t € [0,1], g(¢t, h(ty) £ 0,t €
[0,1] and

1
0< f (1—15)*"2g(s,0)ds < +o0;
0

(H5) For p € (0,1), there is ¢(w) € (u 1) such that g(t, uY) < ﬁg(t, Y), t € [0,1],Y € [0, +0).

Then conclusions 1, 2, 4 in Theorem 3.1 hold. Further, if there is y € (0,1) such that— <~

t( ) 14 ( ’ )l A
’r* ]y*

is continuous in A: 1 - 44(4, > 0) yields | - 0.
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Proof. From Theorem 3.1, T: K - K. Next, we can prove that T: K — K is decreasing. Forany ¥,,Y, e K and let¥; <
Y,, then we get Y, (¢t) < Y,(t),t € [0,1]. So for any t € [0,1], according to Lemma 2.1 and (H4),

1
TY,(t) — TV,(t) = f £ 2k (8, 5)g (s, Yy (5)) — 95, Vs (s)]ds

_f pa- , 1+ M)q(s)

= () [g(s, Y2(s)) — g(s,Yi(s))]ds < 0.

This implies that T: K — K is a decreasing operator. Meanwhile, according to Lemma 2.2,

Th(t) =flt“‘zka(t,s)g(s,h(s))ds

a2 1= Mp(t)q(s)
2fo ‘ Zﬁ g(s, h(to))ds
F(a f q(s)g(s, h(te))ds - h(t)
1= 13h(D),

Th(t) = jlt“‘zka(t,s)g(s,h(s))ds
0

< fl a2 L+ M)p(t)q(s)

o I'(a)p(s)

_(1+A) ! _ o\a-2 .
= @ fo(l $)¥%g(s,0)ds - h(t)

= 1,h(t),

g(s,h(0))ds

where [; = (1 )

f q(s) g(s, h(to))ds, 1, = (ﬁ(”;)fl( —S)“'Z (s 0))ds. From (H4) and Lemma 2.2, we get that
1+

(52906, h15) > 0,4(5)9(5, ko) £ 0, A <1 anc s S TGy
obtain I3 <1, and thus I;h < Th < l,h, sO Th € K;,.

so 0 < I;. Also, by Lemma 2.2 (i) (ii) and (H4), we can

Additionally, from (H5), the following inequality holds:

1
T = j £ 2k o (1, 5)g (s, wY (5))ds
0

< ﬁjﬂlt“‘zka(a $)g(s,Y(s))ds

1
——TY(0).
)
Similarly, we consider Y(t) = ATY (t). From the above content, it can be seen that T satisfies the conditions of
Lemma 2.5. Consequently, there exists a unique Y; € K, such that TY; = %YA thatis Y, = ATY; and

Yi(t) =2 f £2k o (t,5)) (5, Yy (5))ds.
0

From Lemma 2.1, ¥y’ is a unique positive solution of (1.1). Further, by Lemma 2.6 (1), Yy is strictly increasing in A

thatis, ¥y, <Yy for0 <4, < 2,; by Lemma 2.6 (3), we have lim;_,, || ¥y'|| = +oo,lim;_o +[|¥y']l = 0. Moreover, if — ( )

1 . . . L
P for u € (0,1), then Lemma 2.6 (2) yields that ¥y is continuous in 2: 2 - 1,(1,

YAO

let T = AT, then T also satisfies all the conditions of Lemma 2.5, and thus, for Y, € K;, putting the sequence Y, =
TY,_4,n=12,.., we have Y, - Y, asn - +«. In other words,
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1
Y, (t) = Af t% 2k, (t,8)g9(s, Yp_1(s))ds,n = 1,2, ...,
0

and Y, (t) » Yy (t) asn —» +o0. W

Corollary 3.2 Assume that conditions (H1)(H4)(H5) in Theorem 3.2 are true, we take 1 = 1, it can be known that
the FDEnN with Dirichlet BCs

{—D3‘+Y(t) +a(@®)Y() =gt Y(®), 0<t<1, ae(l2),
Y(0)=0, Y(1)=0
has a unique positive solution Y* in K,,, where h(t) = t*~! — t*. Further, for Y, € K,, making the sequence

1

Y, (t) = f t% 2k, (t,5)g(s, Yy_1(s)ds,n =12, ..,
0

we get Y,(t)-oY*(t) as n-o+ow, where a€lL'0,1] , kit s)=XrS%(=D"k,(t,s), and ku(ts) =
Jy an™? ko(t, Mk (1, 5)d, (0 = 1,2,++).

4. Examples

Example 4.1. Consider the following FBVP with a positive parameter

“DEY(8) — = e2(1 — 7Y (D) = AL+ (Y ()AL~ 02, tE [01], 1)
Y(0)=0, Y(1)=0.

In this problem, a =, a(t) = ~ 2 (1 — £)2, g(t,¥) = [1 + ¥4](1 — 1)z and

r¢)= T ~ 0.88623,

2

1 1 1
A= [ e -0zt - pEde = - <1 (3),

24 2

1 01,1 1 1 1
A, = Efo t2(1 —t)2[t(1 — t)] 2dt = —

40’

A
A=

(r)-n1)

T T W SOy SN - WP ¢
fo(l—s) g<s,T>ds—fo(1—S) 2(1—1s)2 E+(§)§ ds—5+(§)g.

2

~ 0.05669,

Evidently, a € L'[0,1] and g(t,Y) is a continuous function and g(t,0) # 0 for t € [0,1]. g(t,Y) is an increasing
function in Y. Then, it satisfies conditions (H,), (H,).

Let ¢(7) = T%,)/ = i, then ¢(7) € (r,1) for t € (0,1), and ¢(7) > t¥. For Y € [0, +),

11 1 101 1 1
g6t = (@) +3) (L= 0F 2 Te(Ve + )1 = 0)F = g6, 1),

which satisfies (H;). From Theorem 3.1, we can claim that
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1. For 2 > 0, (4.1) has a unique positive solution Y; in K, t € [0,1]. Moreover, for Y, € K;, the sequence
1 1 1 1
Y. (t) = Af t¥ % ko (t,s) 5t (Yuo1 ()| (1= s)zds, n=1.2,..,
0

satisfies that ¥, (¢t) — ¥’ (t) as n — o, where k,(t,s) is given in Lemma 2.1;
2.Yy is strictly increasing in A: Yy, <Yy, for 0 <, < 4y,

3.Y; is continuous in A: |

=Y,

-0asi-21, (4, > 0);
4. 1m0 +llwyll = 0,limy 1o +Hluzll = +oo.

Example 4.2. For the following FBVP

3 1 1 1
1 1 1-t)2
—DZY(t) ——tz(1 - £)zY(t) = A——2 1, te[0,1],
o 40 [1+(Y(t))%] (4.2)
Y(0)=0, Y(1)=0,
1
where g(t,Y) = (1_22] and A4, 4,, A are the same as in Example 4.1. Moreover,
1+Y6

f (1 = )72 g(s, 0)ds = f (1—5)"7g(s,0)ds = 1.
0 0

Clearly, g(t,Y) is a continuous function and g(t, h(ty)) # 0 for t € [0,1], where ¢, =§. Obviously, g(t,Y) is a
decreasing function with respect to Y = 0. So it satisfies condition (H,).

— <L Fory €[0,),

Let ¢(u) = 3,y =% then ¢(u) € (1, 1) for u € (0,1) and s S

-0 _ (a-o: _
[y +1] " s+ #W

g(t,uy) = gt yY),

which satisfies (Hg). Then, according to Theorem 3.2, for 1> 0, (4.2) has a unique positive solution Y} in K.
Moreover, for Y, € K, the sequence

(1-s)2

——ds, n=1.2,..,
|1+ (uca(9))?]

Y, (t) = Aflt“‘z k,(t,s)
0

satisfies that Y,,(t) — Y5 (t) as n - oo, where k. (t, s) is given in Lemma 2.1. At the same time, the conclusions (b)(c)(d)
in Example 4.1 are also true.
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   (    −   D  0 +  p Y ( t ) − p ( t ) f ( t , Y ( t ) ) + q ( t ) = 0 ,  t ∈ ( 0 , 1 ) ,   Y ( 0 ) =   Y ′ ( 0 ) = 0 ,   Y ( 1 ) = 0 ,                             


    D   0 +  p


  2 < p ≤ 3


  f ( t , Y )


    u 0


   (      D  0 +  𝛼 Y ( t ) + f ( t , Y ( t ) ) = 0 ,                                        0 < t < 1 ,                                                                                     Y ( 0 ) =   Y ′ ( 0 ) = ⋯ =   Y  ( n − 2 ) ( 0 ) = 0 ,    D  0 +  𝛽 Y ( 1 ) = 𝜆   ∫ 0  𝜂  h ( t )   D  0 +  𝛽 Y ( t ) d t ,


    D  0 +  𝛼 ,   D  0 +  𝛽


  𝛼 , 𝛽


  n − 1 < 𝛼 ≤ n


  n ≥ 3


  𝛽 ≥ 1


  𝛼 − 𝛽 − 1 > 0


  0 < 𝜂 ≤ 1


  0 ≤ 𝜆   ∫ 0  𝜂  h ( t )   t  𝛼 − 𝛽 − 1 d t < 1


   (      D   0 +  𝛽 Y ( t ) + 𝜆 g ( t , Y ( t ) ) = 0 ,     0 < t < 1 ,   n − 1 < 𝛽 < n ,   n ≥ 3 ,     Y  ( j ) ( 0 ) = 0 , j = 0 , 1 , ⋯ , n − 2 ,     D   0 +  p Y ( 1 ) =   ∑  i = 1  m    𝜂  i   D   0 +  q Y (   t  i ) ,              


    D  0 +  𝛽


  𝛽 ∈ ( n − 1 , n ]   ( n ∈ N   and  n ≥ 3 ) ,   0 <   t 1 < ⋯ <   t  m < 1   ( m ∈ N ) ,   p ∈ [ 1 , n − 2 ] ,   q ∈ [ 0 , p ] ,     𝜂  i ≥ 0   ( i = 1 , … , m )


  𝜆 > 0


  g ( t , Y )


  t = 0


  t = 1


   (    −   D  0 +  𝛼 Y ( t ) + 𝜆 a ( t ) Y ( t ) = y ( t ) ,  t ∈ ( 0 , 1 ) ,   𝛼 ∈ ( 2 , 3 ] ,   Y ( 0 ) = Y ( 1 ) =   Y ′ ( 0 ) = 0 ,                 


    D  0 +  𝛼


  𝛼


  𝜆 > 0


  a ∈   L 1 [ 0 , 1 ]


   (    −   D  0 +  𝛼 Y ( t ) + a ( t ) Y ( t ) = y ( t ) ,     t ∈ ( 0 , 1 ) ,   𝛼 ∈ ( 1 , 2 ) ,   Y ( 1 ) = 0 ,     = Y ( 0 ) = 0 ,                                                                                                          


    D  0 +  𝛼


  a ∈   L 1 [ 0 , 1 ]


  −   D  0 +  𝛼 Y ( t ) = 𝜇 F ( t , Y ( t ) ) , t ∈ ( 0 , 1 ) , 𝛼 ∈ ( 1 , 2 )


  F ( t , Y ) ≥ − b ( t ) Y − e ( t )


  b ( t ) , e ( t ) ∈   L 1 [ 0 , 1 ]


   (    −   D   0 +  𝛾 Y ( t ) + a ( t ) Y ( t ) = g ( t , Y ( t ) ) ,  0 < t < 1 ,   𝛾 ∈ ( 2 , 3 ) ,     Y ′ ( 1 ) = 0 ,   Y ( 0 ) =   Y ′ ( 0 ) = 0 ,           


    D   0 +  𝛾


  𝛾


  a ∈ C [ 0 , 1 ]


    a ¯ : =   m a x ⁡ { | a ( t ) | : t ∈ [ 0 , 1 ] } <   ( 𝛾 − 1 ) 𝛤 ( 𝛾 + 1 )    𝛾  𝛾 + 1


   {    −   D  0 +  𝛼 Y ( t ) + a ( t ) Y ( t ) = 𝜆 g ( t , Y ( t ) ) ,     0 < t < 1 ,   Y ( 0 ) = 0 ,     Y ( 1 ) = 0 ,                                                                                                      


    D  0 +  𝛼


  𝛼 ∈ ( 1 , 2 )


  𝜆 > 0


  a ∈   L 1 [ 0 , 1 ]


  𝛺 = 0 , b  ( 0 < b < ∞ )


  f : 𝛺 → R


  𝜌 > 0


    I   0 +  𝜌 f  ( x ) =  1  Γ  ( 𝜌 )     ∫ 0  x    f  ( t )     ( x − t )  1 − 𝜌 d t    ( x > 0 ; 𝜌 > 0 ) .


  𝛤  ( 𝜌 )


  Γ ( 𝜌 ) =   ∫ 0  + ∞    t  𝜌 − 1   e  − t d t , 𝜌 > 0 .


  s ∈ ( 1 , 2 )


  f ( x )


    D  0 +  s f ( x ) =  1  Γ ( 2 − s )    (   d  d x ) 2   ∫ 0  x  ( x − t  )  2 − s − 1 f ( x ) d t .


  𝛼 ∈ ( 1 , 2 )


  a ∈   L 1 [ 0 , 1 ]


   Λ 1 =   ∫ 0 1  | a ( t ) |    [ t ( 1 − t ) ]  𝛼 − 1 d t < Γ ( 𝛼 ) ;  


   Λ 2 =   ∫ 0 1  | a ( t ) |    [ t ( 1 − t ) ]  𝛼 − 2 d t < + ∞ ;


  Λ =    Λ 2  ( 𝛼 − 1 ) ( Γ ( 𝛼 ) −  Λ 1 ) < 1


  y ∈   L 1 [ 0 , 1 ]


   (    −   D   0 +  𝛼 Y ( t ) + a ( t ) Y ( t ) = y ( t ) ,  0 < t < 1 ,   Y ( 0 ) = 0 ,   Y ( 1 ) = 0                             


  Y ( t ) =   ∫ 0 1    t  𝛼 − 2   k  𝛼 ( t , s ) y ( s ) d s ,


    k  𝛼 ( t , s ) =   ∑  n = 0  + ∞  ( − 1  )  n   k  n ( t , s ) ,


    k  n ( t , s )


    k  n ( t , s ) =   ∫ 0 1  a ( 𝜂 )   𝜂  𝛼 − 2   k 0 ( t , 𝜂 )   k  n − 1 ( 𝜂 , s ) d 𝜂   ( n = 1 , 2 , … ) ,


    k 0 ( t , s ) =     t  2 − 𝛼  Γ ( 𝛼 )  {    [ s ( 1 − t )  ]  𝛼 − 1 ,                                                    0 ≤ s ≤ t ≤ 1 ,   [ s ( 1 − t )  ]  𝛼 − 1 − ( s − t  )  𝛼 − 1 ,  0 ≤ t ≤ s ≤ 1 .


    k 0 ( t , s ) =     t  2 − 𝛼  Γ ( 𝛼 )  {    [ s ( 1 − t )  ]  𝛼 − 1 ,                                                    0 ≤ s ≤ t ≤ 1 ,   [ s ( 1 − t )  ]  𝛼 − 1 − ( s − t  )  𝛼 − 1 ,  0 ≤ t ≤ s ≤ 1 .


    k  𝛼 ( t , s )


  [ 0 , 1 ] × [ 0 , 1 ]


    k  a ( t , s )


    k  𝛼 ( t , s ) ≥   ( 1 − Λ ) p ( t ) q ( s )  Γ ( 𝛼 − 1 ) ,   ∀ s , t ∈ [ 0 , 1 ]


    k  𝛼 ( t , s ) ≤   ( 1 + Λ ) p ( t ) q ( s )  Γ ( 𝛼 ) p ( s ) ,   ∀ s , t ∈ ( 0 , 1 )


    k  𝛼 ( t , s ) ≤   ( 1 + Λ ) q ( s )  Γ ( 𝛼 ) ,   ∀ s , t ∈ [ 0 , 1 ]


  p ( t ) = p ( 1 − t ) = t ( 1 − t )


  q ( t ) = t ( 1 − t  )  𝛼 − 1


  s , t ∈ ( 0 , 1 )


    ( 1 − 𝛬 )  𝛤 ( 𝛼 − 1 ) ≤   ( 1 + 𝛬 )  𝛤 ( 𝛼 ) p ( s )


  ( E ,  ‖ ⋅ ‖ )


  K ⊂ E


  E


  K


  x ≤ y


  y − x ∈ K


  x ≤ y


  x ≠ y


  x < y


  y > x


  N > 0


  x , y ∈ E


  𝜃 ≤ x ≤ y


   ‖ x ‖ ≤ N  ‖ y ‖


  K


  N


  K


  A : E → E


  x ≤ y


  A x ≤ A y


  x , y ∈ E


  x : y


  𝜆 , 𝜇 > 0


  𝜆 x ≤ y ≤ 𝜇 x


  h > 𝜃


    K h = { x ∈ E | x : h }


    K h ⊂ K


  K


  E


  h > 𝜃


  A : K → K


   h 0 ∈   K h


  A  h 0 ∈   K h


  x ∈ K


  t ∈ ( 0 , 1 )


  𝜙 ( t ) ∈ ( t , 1 )


  A ( t x ) ≥ 𝜙 ( t ) A x


  A x = x


    x ∗


    K h


    x 0 ∈   K h


    x  n = A   x  n − 1


  n = 1 , 2 , …


    x  n →   x ∗


  n → ∞


    x  𝜆 ( 𝜆 > 0 )


  A x = 𝜆 x


    x  𝜆


  𝜆


  0 <   𝜆 1 <   𝜆 2


    x    𝜆 1 >   x    𝜆 2


  𝛾 ∈ ( 0 , 1 )


  𝜙 ( t ) ≥   t  𝛾


  t ∈ ( 0 , 1 )


    x  𝜆


  𝜆


  𝜆 →   𝜆 0 (   𝜆 0 > 0 )


   ‖   x  𝜆 −   x    𝜆 0 ‖ → 0


     lim  𝜆 → ∞ ⁡   ‖   x  𝜆 ‖   =   0 ,        lim  𝜆 → 0 +   ⁡   ‖   x  𝜆 ‖   =   ∞


  E , K , h


  A : K → K


   h 0 ∈   K h


  A  h 0 ∈   K h


  x ∈ K


  t ∈ ( 0 , 1 )


  𝜙 ( t ) ∈ ( t , 1 )


  A ( t x ) ≤  1  𝜙 ( t ) A x


  A


    x ∗ ∈   K h


    x 0 ∈   K h


    x  n = A   x  n − 1 , n = 1 , 2 , ⋯


   ‖   x  n −   x ∗ ‖ → 0


  n → ∞


    x  𝜆 ( 𝜆 > 0 )


  A x = 𝜆 x


    x  𝜆


  𝜆


  0 <   𝜆 1 <   𝜆 2


    x    𝜆 1 >   x    𝜆 2


  𝛾 ∈ ( 0 , 1 )


   1  𝜙 ( t ) ≤  1    t  𝛾


  t ∈ ( 0 , 1 )


    x  𝜆


  𝜆


  𝜆 →   𝜆 0 (   𝜆 0 > 0 )


   ‖   x  𝜆 −   x    𝜆 0 ‖ → 0


     lim  𝜆 → ∞ ⁡   ‖   x  𝜆 ‖   =   0 ,        lim  𝜆 → 0 +   ⁡   ‖   x  𝜆 ‖   =   ∞


  𝜆 > 0


   1  𝜆 A :   K h →   K h


   (  1  𝜆 A ) ( t x ) =  1  𝜆 A ( t x ) ≤  1  𝜆 ⋅  1  𝜙 ( t ) A x =  1  𝜙 ( t )  (  1  𝜆 A ) ( x ) ,   x ∈   K h , t ∈ ( 0 , 1 ) .


   1  𝜆 A


    x  𝜆


    K h


  A   x  𝜆 = 𝜆   x  𝜆


  0 <   𝜆 1 <   𝜆 2


    t 0 =   s u p ⁡ { t > 0 :   x    𝜆 1 ≥ t   x    𝜆 2 }


  0 <   t 0 < ∞


    x    𝜆 1 ≥   t 0   x    𝜆 2


    t 0 ≥ 1


    t 0 < 1


    x    𝜆 1 =  1    𝜆 1 A   x    𝜆 1 ≤  1    𝜆 1 A (   t 0   x    𝜆 2 ) ≤  1    𝜆 1  1  𝜙 (   t 0 ) A   x    𝜆 2 ≤  1    𝜆 1   t 0  − 𝛾 A   x    𝜆 2 =     𝜆 2    𝜆 1   t 0  − 𝛾   x    𝜆 2 ,


    x    𝜆 2 ≥     𝜆 1    𝜆 2   t 0  𝛾   x    𝜆 1 .


    x    𝜆 2 =  1    𝜆 2 A   x    𝜆 2 ≤  1    𝜆 2 A (     𝜆 1    𝜆 2   t 0  𝛾   x    𝜆 1 ) ≤  1    𝜆 2 [ 𝜙 (     𝜆 1    𝜆 2   t 0  𝛾 )  ]  − 1 A   x    𝜆 1 ≤  1    𝜆 2 (     𝜆 1    𝜆 2   t 0  𝛾  )  − 𝛾 A   x    𝜆 1 = (     𝜆 1    𝜆 2  )  1 − 𝛾   t 0  −   𝛾 2   x    𝜆 1 ,


    x    𝜆 1 ≥ (     𝜆 2    𝜆 1  )  1 − 𝛾   t 0    𝛾 2   x    𝜆 2 .


  (     𝜆 2    𝜆 1  )  1 − 𝛾   t 0    𝛾 2 >   t 0


    t 0


    t 0 ≥ 1


    x    𝜆 1 ≥   x    𝜆 2


    x    𝜆 1 =  1    𝜆 1 A   x    𝜆 1 ≤  1    𝜆 1 A   x    𝜆 2 =     𝜆 2    𝜆 1   x    𝜆 2


    x    𝜆 2 ≥     𝜆 1    𝜆 2   x    𝜆 1


  A


    x    𝜆 2 =  1    𝜆 2 A   x    𝜆 2 ≤  1    𝜆 2 A (     𝜆 1    𝜆 2   x    𝜆 1 ) ≤  1    𝜆 2 [ 𝜙 (     𝜆 1    𝜆 2 )  ]  − 1 A   x    𝜆 1 ≤  1    𝜆 2 (     𝜆 1    𝜆 2  )  − 𝛾 A   x    𝜆 1 = (     𝜆 1    𝜆 2  )  1 − 𝛾   x    𝜆 1 ,


    x    𝜆 1 ≥ (     𝜆 2    𝜆 1  )  1 − 𝛾   x    𝜆 2 ≫   x    𝜆 2 ,   ∀   0 <   𝜆 1 <   𝜆 2 .


    x  𝜆


  𝜆


    𝜆 0 > 0


    x  𝜆 <   x    𝜆 0 ,   ∀   𝜆 >   𝜆 0


    t  𝜆 =   s u p ⁡ { t > 0 :     x  𝜆 ≥ t   x    𝜆 0 }   ( 𝜆 >   𝜆 0 )


  0 <   t  𝜆 < 1


    x  𝜆 ≥   t  𝜆   x    𝜆 0


    x  𝜆 =  1  𝜆 A   x  𝜆 ≤  1  𝜆 A (   t  𝜆   x    𝜆 0 ) ≤  1  𝜆  1  𝜙 (   t  𝜆 ) A   x    𝜆 0 ≤  1  𝜆   t  𝜆  − 𝛾 A   x    𝜆 0 =     𝜆 0  𝜆   t  𝜆  − 𝛾   x    𝜆 0 ,


    x    𝜆 0 ≥   𝜆    𝜆 0   t  𝜆  𝛾   x  𝜆 ≫   t  𝜆  𝛾   x  𝜆 .


    x    𝜆 0 =  1    𝜆 0 A   x    𝜆 0 ≤  1    𝜆 0 A (   t  𝜆  𝛾   x  𝜆 ) ≤  1    𝜆 0 [ 𝜙 (   t  𝜆  𝛾   x  𝜆 )  ]  − 1 A   x  𝜆 ≤  1    𝜆 0 (   t  𝜆  𝛾  )  − 𝛾 A   x  𝜆 =   𝜆    𝜆 0   t  𝜆  −   𝛾 2   x  𝜆 ,


    x  𝜆 ≥     𝜆 0  𝜆   t  𝜆    𝛾 2   x    𝜆 0 .


    t  𝜆


    t  𝜆 ≥     𝜆 0  𝜆   t  𝜆    𝛾 2 ,


    t  𝜆  1 −   𝛾 2 ≥     𝜆 0  𝜆 .


  1 −   𝛾 2 > 0


    t  𝜆 ≥    (     𝜆 0  𝜆 )   1  1 −   𝛾 2 .


    x  𝜆 ≥    (     𝜆 0  𝜆 )   1  1 −   𝛾 2   x    𝜆 0 ,   ∀   𝜆 >   𝜆 0 .


  N


  K


   ‖   x    𝜆 0 −   x  𝜆 ‖ ≤  ‖   x    𝜆 0 −    (     𝜆 0  𝜆 )   1  1 −   𝛾 2   x    𝜆 0 ‖ ≤ N  [ 1 −    (     𝜆 0  𝜆 )   1  1 −   𝛾 2 ]  ‖   x    𝜆 0 ‖ ,   𝜆 >   𝜆 0 .


  𝜆 →   𝜆 0 + 0


   ‖   x  𝜆 −   x    𝜆 0 ‖ → 0


  𝜆 →   𝜆 0 − 0


   ‖   x  𝜆 −   x    𝜆 0 ‖ → 0


    𝜆 1 = 1


    𝜆 2 = 𝜆


    x 1 ≥   𝜆  1 − 𝛾   x  𝜆 ,   ∀   𝜆 > 1 ,


   ‖   x  𝜆 ‖ ≤   N    𝜆  1 − 𝛾  ‖   x 1 ‖ ,   ∀   𝜆 > 1 ,


  𝜆 → ∞


   ‖   x  𝜆 ‖ → 0


    𝜆 1 = 𝜆


    𝜆 2 = 1


    x  𝜆 ≥  1    𝜆  1 − 𝛾   x 1 ,   ∀   0 < 𝜆 < 1 ,


   ‖   x  𝜆 ‖ ≥  1  N   𝜆  1 − 𝛾  ‖   x 1 ‖ ,   ∀   0 < 𝜆 < 1 .


  𝜆 →  0 +


   ‖   x  𝜆 ‖ → ∞


  E = C [ 0 , 1 ]


   ‖ Y ‖ =    max  0 ≤ t ≤ 1 ⁡   | Y ( t ) |


  Y ∈ C [ 0 , 1 ]


  K ⊂ E


  K =  { Y ∈ E : Y ( t ) ≥ 0 , t ∈ [ 0 , 1 ] } ,


  K


  𝟏


  g ( t , Y ) : [ 0 , 1 ] × [ 0 , + ∞ ) → [ 0 , + ∞ )


  g ( t , 0 )  ≡ ̸ 0


  t ∈ [ 0 , 1 ]


  0 <   ∫ 0 1  ( 1 − s  )  𝛼 − 2 g  ( s ,   ( 𝛼 − 1  )  𝛼 − 1    𝛼  𝛼 ) d s < + ∞ ;


  𝟐


  g ( t , Y )


  Y ∈ [ 0 , + ∞ )


  t ∈ [ 0 , 1 ]


  𝟑


  𝜏 ∈ ( 0 , 1 )


  𝜙 : ( 0 , 1 ) → ( 0 , 1 )


  𝜙 ( 𝜏 ) > 𝜏


  g ( t , 𝜏 Y ) ≥ 𝜙 ( 𝜏 ) g ( t , Y )


  Y ∈ [ 0 , + ∞ ) , t ∈ [ 0 , 1 ]


  𝜆 > 0


    Y  𝜆 ∗


    K h


  h ( t ) =   t  𝛼 − 1 −   t  𝛼


  t ∈ [ 0 , 1 ]


    Y 0 ∈   K h


    Y  n ( t ) = 𝜆   ∫ 0 1    t  𝛼 − 2   k  𝛼 ( t , s ) g ( s ,   Y  n − 1 ( s ) ) d s , n = 1 , 2 , … ,


    Y  n ( t ) →   Y  𝜆 ∗ ( t )


  n → + ∞


    k  𝛼 ( t , s )


    Y  𝜆 ∗


  𝜆


  0 <   𝜆 1 <   𝜆 2


    Y    𝜆 1 ∗ <   Y    𝜆 2 ∗


  𝛾 ∈ ( 0 , 1 )


  𝜙 ( 𝜏 ) ≥   𝜏  𝛾   ( 0 < 𝜏 < 1 )


    Y  𝜆 ∗


  𝜆


  𝜆 →   𝜆 0 (   𝜆 0 > 0 )


   ‖   Y  𝜆 ∗ −   Y    𝜆 0 ∗ ‖ → 0


     lim  𝜆 → 0 + ⁡   ‖   Y  𝜆 ∗ ‖   =   0 ,        lim  𝜆 → + ∞ ⁡   ‖   Y  𝜆 ∗ ‖   =   + ∞  


  T : E → E


  T Y ( t ) =   ∫ 0 1    t  𝛼 − 2   k  𝛼 ( t , s ) g ( s , Y ( s ) )   d s ,


    k  𝛼 ( t , s )


  T : K → K


  Y ∈ K


  Y ( t ) ≥ 0


  t ∈ [ 0 , 1 ]


  ( H


  )


  T y ( t ) =   ∫ 0 1    t  𝛼 − 2   k  𝛼 ( t , s ) g ( s , Y ( s ) ) d s ≥   ∫ 0 1    t  𝛼 − 2   ( 1 − Λ ) p ( t ) q ( s )  Γ ( 𝛼 − 1 ) g ( s , Y ( s ) ) d s ≥ 0 ,


  K


  T : K → K


  T : K → K


    Y 1 ,   Y 2 ∈ K


    Y 1 ≤   Y 2


    Y 1 ( t ) ≤   Y 2 ( t ) , t ∈ [ 0 , 1 ]


  t ∈ [ 0 , 1 ]


  ( H


  )


     T   Y 2 ( t ) − T   Y 1 ( t )  =   ∫ 0 1    t  𝛼 − 2   k  𝛼 ( t , s )  [ g ( s ,   Y 2 ( s ) ) − g ( s ,   Y 1 ( s ) ) ] d s                                                          ≥   ∫ 0 1    t  𝛼 − 2   ( 1 − Λ ) p ( t ) q ( s )  Γ ( 𝛼 − 1 )  [ g ( s ,   Y 2 ( s ) ) − g ( s ,   Y 1 ( s ) ) ] d s ≥ 0 ,


  T : K → K


  T


  h ( t ) =   t  𝛼 − 2 p ( t ) =   t  𝛼 − 1 −   t  𝛼


  h ∈ K


  h ( t )


     min  t ∈ [ 0 , 1 ] ⁡  h ( t )   =   h ( 0 ) ,        max  t ∈ [ 0 , 1 ] ⁡  h ( t )   =   h (   𝛼 − 1  𝛼 ) .


  T h ∈   K h


    t 0 =   𝛼 − 1  𝛼


  g ( t , Y )


  [ 0 , 1 ] × [ 0 , + ∞ )


  ( H


  )


  g ( t , h ( t ) ) ≤ g ( t , h (   t 0 ) )


  t ∈ [ 0 , 1 ]


     T h ( t )  =   ∫ 0 1    t  𝛼 − 2   k  𝛼 ( t , s ) g ( s , h ( s ) ) d s                                          ≥   ∫ 0 1    t  𝛼 − 2   ( 1 − Λ ) p ( t ) q ( s )  Γ ( 𝛼 − 1 ) g ( s , h ( 0 ) ) d s    =   ( 1 − Λ )  Γ ( 𝛼 − 1 )   ∫ 0 1    t  𝛼 − 2 p ( t ) q ( s ) g ( s , 0 ) d s              =   ( 1 − Λ )  Γ ( 𝛼 − 1 )   ∫ 0 1  q ( s ) g ( s , 0 ) d s ⋅ h ( t )                        : =   l 1 h ( t ) ,                                                                                                                


     T h ( t )  =   ∫ 0 1    t  𝛼 − 2   k  𝛼 ( t , s ) g ( s , h ( s ) ) d s                                                                                  ≤   ∫ 0 1    t  𝛼 − 2   ( 1 + Λ ) p ( t ) q ( s )  Γ ( 𝛼 ) p ( s ) g ( s , h (   t 0 ) ) d s                                          =   ( 1 + Λ )  Γ ( 𝛼 )   ∫ 0 1    q ( s )  p ( s ) g ( s , h (   t 0 ) ) d s ⋅ h ( t )                                                    =   ( 1 + Λ )  Γ ( 𝛼 )   ∫ 0 1  ( 1 − s  )  𝛼 − 2 g  ( s ,   ( 𝛼 − 1  )  𝛼 − 1    𝛼  𝛼 ) d s ⋅ h ( t )    : =   l 2 h ( t ) ,                                                                                                                                                        


     T h ( t )  =   ∫ 0 1    t  𝛼 − 2   k  𝛼 ( t , s ) g ( s , h ( s ) ) d s                                                                                  ≤   ∫ 0 1    t  𝛼 − 2   ( 1 + Λ ) p ( t ) q ( s )  Γ ( 𝛼 ) p ( s ) g ( s , h (   t 0 ) ) d s                                          =   ( 1 + Λ )  Γ ( 𝛼 )   ∫ 0 1    q ( s )  p ( s ) g ( s , h (   t 0 ) ) d s ⋅ h ( t )                                                    =   ( 1 + Λ )  Γ ( 𝛼 )   ∫ 0 1  ( 1 − s  )  𝛼 − 2 g  ( s ,   ( 𝛼 − 1  )  𝛼 − 1    𝛼  𝛼 ) d s ⋅ h ( t )    : =   l 2 h ( t ) ,                                                                                                                                                        


    l 1 =   ( 1 − Λ )  Γ ( 𝛼 − 1 )   ∫ 0 1  q ( s ) g ( s , 0 ) d s ,   l 2 =   ( 1 + Λ )  Γ ( 𝛼 )   ∫ 0 1  ( 1 − s  )  𝛼 − 2 g  ( s ,   ( 𝛼 − 1  )  𝛼 − 1    𝛼  𝛼 ) d s


  ( H


  )


  q ( s ) g ( s , 0 ) ≥ 0 , q ( s ) g ( s , 0 )  ≡ ̸ 0


  s ∈ [ 0 , 1 ]


  Λ < 1


    l 1 > 0


  ( H


  )


    l 2 ≥   l 1


  0 <   l 1 ≤   l 2


    l 1 h ≤ T h ≤   l 2 h


  T h ∈   K h


  𝜏 ∈ ( 0 , 1 )


  Y ∈ K


  ( H


  )


     T ( 𝜏 Y ) ( t )  =   ∫ 0 1    t  𝛼 − 2   k  𝛼 ( t , s ) g ( s , 𝜏 Y ( s ) ) d s                    ≥ 𝜙 ( 𝜏 )   ∫ 0 1    t  𝛼 − 2   k  𝛼 ( t , s ) g ( s , Y ( s ) ) d s    = 𝜙 ( 𝜏 ) T Y ( t ) .                                                                                  


  Y ( t ) = 𝜆 T Y ( t )


  T


    Y  𝜆 ∗ ∈   K h


  T   Y  𝜆 ∗ =  1  𝜆   Y  𝜆 ∗


    Y  𝜆 ∗ = 𝜆 T   Y  𝜆 ∗


    Y  𝜆 ∗ ( t ) = 𝜆   ∫ 0 1    t  𝛼 − 2   k  𝛼 ( t , s ) ) g ( s ,   Y  𝜆 ∗ ( s ) ) d s .


  𝜇 : =  1  𝜆 ,


  T   Y   1  𝜇 ∗ = 𝜇   Y   1  𝜇 ∗ .


    Y  𝜆 ∗ =   Y   1  𝜇 ∗


    Y   1  𝜇 ∗


  𝜇


    Y  𝜆 ∗


  𝜆


    Y    𝜆 1 ∗ <   Y    𝜆 2 ∗


  0 <   𝜆 1 <   𝜆 2


     lim  𝜆 → + ∞ ⁡   ‖   Y  𝜆 ∗ ‖   =   + ∞ ,      lim  𝜆 → 0 + ⁡   ‖   Y  𝜆 ∗ ‖   =   0


  𝜙 ( 𝜏 ) ≥   𝜏  𝛾


  𝜏 ∈ ( 0 , 1 )


    Y  𝜆 ∗


  𝜆


  𝜆 →   𝜆 0 (   𝜆 0 > 0 )


   ‖   Y  𝜆 ∗ −   Y    𝜆 0 ∗ ‖ → 0


    T ~ : = 𝜆 T


    T ~


    Y 0 ∈   K h


    Y  n =   T ~   Y  n − 1 , n = 1 , 2 , …


    Y  n →   Y  𝜆 ∗


  n → + ∞


      Y  n ( t ) = 𝜆   ∫ 0 1    t  𝛼 − 2   k  𝛼 ( t , s ) g ( s ,   Y  n − 1 ( s ) ) d s , n = 1 , 2 , …


    Y  n ( t ) →   Y  𝜆 ∗ ( t )


  n → + ∞


    Y  𝜆 ∗ ∈   K h


  h ( 0 ) = h ( 1 ) = 0 , h ( t ) > 0


  t ∈ ( 0 , 1 ) ,


    Y  𝜆 ∗ ( t ) > 0


  t ∈ ( 0 , 1 ) .


    Y  𝜆 ∗


  𝟏


  𝟐


  𝟑


  𝜆 = 1


   {    −   D  0 +  𝛼 Y ( t ) + a ( t ) Y ( t ) = g ( t , Y ( t ) ) ,     0 < t < 1 ,   𝛼 ∈ ( 1 , 2 ) ,   Y ( 0 ) = 0 ,     Y ( 1 ) = 0 ,                                                                                                                                          


    Y ∗


    K h


  h ( t ) =   t  𝛼 − 1 −   t  𝛼


    Y 0 ∈   K h


    Y  n ( t ) =   ∫ 0 1    t  𝛼 − 2   k  𝛼 ( t , s ) g ( s ,   Y  n − 1 ( s ) ) d s , n = 1 , 2 , … ,


    Y  n ( t ) →   Y ∗ ( t )


  n → + ∞


  a ∈   L 1 [ 0 , 1 ]


    k  a ( t , s ) =   ∑  n = 0  + ∞  ( − 1  )  n   k  n ( t , s )


    k  n ( t , s ) =   ∫ 0 1  a ( 𝜂 )   𝜂  𝛼 − 2   k 0 ( t , 𝜂 )   k  n − 1 ( 𝜂 , s ) d 𝜂   ( n = 1 , 2 , ⋯ )


  𝟒


  g ( t , Y ) : [ 0 , 1 ] × [ 0 , + ∞ ) → [ 0 , + ∞ )


  Y ∈ [ 0 , + ∞ )


  t ∈ [ 0 , 1 ]


  g ( t , h (   t 0 )  ≡ ̸ 0 , t ∈ [ 0 , 1 ]


  0 <   ∫ 0 1  ( 1 − s  )  𝛼 − 2 g ( s , 0 ) d s < + ∞ ;


  𝟓


  𝜇 ∈ ( 0 , 1 )


  𝜙 ( 𝜇 ) ∈ ( 𝜇 , 1 )


  g ( t , 𝜇 Y ) ≤  1  𝜙 ( 𝜇 ) g ( t , Y )


  t ∈ [ 0 , 1 ] , Y ∈ [ 0 , + ∞ )


  𝛾 ∈ ( 0 , 1 )


   1  𝜙 ( 𝜇 ) ≤  1    𝜇  𝛾


  𝜇 ∈ ( 0 , 1 )


    Y  𝜆 ∗


  𝜆


  𝜆 →   𝜆 0 (   𝜆 0 > 0 )


   ‖   Y  𝜆 ∗ −   Y    𝜆 0 ∗ ‖ → 0


  T : K → K


  T : K → K


    Y 1 ,   Y 2 ∈ K


    Y 1 ≤   Y 2


    Y 1 ( t ) ≤   Y 2 ( t ) , t ∈ [ 0 , 1 ]


  t ∈ [ 0 , 1 ]


  𝟒


     T   Y 2 ( t ) − T   Y 1 ( t )  =   ∫ 0 1    t  𝛼 − 2   k  𝛼 ( t , s )  [ g ( s ,   Y 2 ( s ) ) − g ( s ,   Y 1 ( s ) ) ] d s                                              ≤   ∫ 0 1    t  𝛼 − 2   ( 1 + Λ ) q ( s )  Γ ( 𝛼 )  [ g ( s ,   Y 2 ( s ) ) − g ( s ,   Y 1 ( s ) ) ] d s ≤ 0 .


  T : K → K


     T h ( t )  =   ∫ 0 1    t  𝛼 − 2   k  𝛼 ( t , s ) g ( s , h ( s ) ) d s                                            ≥   ∫ 0 1    t  𝛼 − 2   ( 1 − Λ ) p ( t ) q ( s )  Γ ( 𝛼 − 1 ) g ( s , h (   t 0 ) ) d s    =   ( 1 − Λ )  Γ ( 𝛼 − 1 )   ∫ 0 1  q ( s ) g ( s , h (   t 0 ) ) d s ⋅ h ( t )            : =   l 3 h ( t ) ,                                                                                                                  


     T h ( t )  =   ∫ 0 1    t  𝛼 − 2   k  𝛼 ( t , s ) g ( s , h ( s ) ) d s                                          ≤   ∫ 0 1    t  𝛼 − 2   ( 1 + Λ ) p ( t ) q ( s )  Γ ( 𝛼 ) p ( s ) g ( s , h ( 0 ) ) d s    =   ( 1 + Λ )  Γ ( 𝛼 )   ∫ 0 1  ( 1 − s  )  𝛼 − 2 g ( s , 0 ) d s ⋅ h ( t )      : =   l 4 h ( t ) ,                                                                                                                


     T h ( t )  =   ∫ 0 1    t  𝛼 − 2   k  𝛼 ( t , s ) g ( s , h ( s ) ) d s                                          ≤   ∫ 0 1    t  𝛼 − 2   ( 1 + Λ ) p ( t ) q ( s )  Γ ( 𝛼 ) p ( s ) g ( s , h ( 0 ) ) d s    =   ( 1 + Λ )  Γ ( 𝛼 )   ∫ 0 1  ( 1 − s  )  𝛼 − 2 g ( s , 0 ) d s ⋅ h ( t )      : =   l 4 h ( t ) ,                                                                                                                


    l 3 =   ( 1 − Λ )  Γ ( 𝛼 − 1 )   ∫ 0 1  q ( s ) g ( s , h (   t 0 ) ) d s ,     l 4 =   ( 1 + Λ )  Γ ( 𝛼 )   ∫ 0 1  ( 1 − s  )  𝛼 − 2 g ( s , 0 ) ) d s


  𝟒


  q ( s ) g ( s , h (   t 0 ) ) ≥ 0 , q ( s ) g ( s , h (   t 0 ) )  ≡ ̸ 0


  Λ < 1


    1 − Λ  Γ ( 𝛼 − 1 ) ≤   1 + Λ  Γ ( 𝛼 ) p ( s ) ,


  0 <   l 3 .


  𝟒


    l 3 ≤   l 4


    l 3 h ≤ T h ≤   l 4 h


  T h ∈   K h


  𝟓


     T ( 𝜇 Y ) ( t )  =   ∫ 0 1    t  𝛼 − 2   k  𝛼 ( t , s ) g ( s , 𝜇 Y ( s ) ) d s                    ≤  1  𝜙 ( 𝜇 )   ∫ 0 1    t  𝛼 − 2   k  𝛼 ( t , s ) g ( s , Y ( s ) ) d s    =  1  𝜙 ( 𝜇 ) T Y ( t ) .                                                                                


  Y ( t ) = 𝜆 T Y ( t )


  T


    Y  𝜆 ∗ ∈   K h


  T   Y  𝜆 ∗ =  1  𝜆   Y  𝜆 ∗


    Y  𝜆 ∗ = 𝜆 T   Y  𝜆 ∗


    Y  𝜆 ∗ ( t ) = 𝜆   ∫ 0 1    t  𝛼 − 2   k  𝛼 ( t , s ) ) g ( s ,   Y  𝜆 ∗ ( s ) ) d s .


    Y  𝜆 ∗


    Y  𝜆 ∗


  𝜆


    Y    𝜆 1 ∗ <   Y    𝜆 2 ∗


  0 <   𝜆 1 <   𝜆 2


     lim  𝜆 → + ∞ ⁡   ‖   Y  𝜆 ∗ ‖   =   + ∞ ,      lim  𝜆 → 0 + ⁡   ‖   Y  𝜆 ∗ ‖   =   0


   1  𝜙 ( 𝜇 ) ≤  1    𝜇  𝛾


  𝜇 ∈ ( 0 , 1 )


    Y  𝜆 ∗


  𝜆


  𝜆 →   𝜆 0 (   𝜆 0 > 0 )


   ‖   Y  𝜆 ∗ −   Y    𝜆 0 ∗ ‖ → 0


    T ~ = 𝜆 T


    T ~


    Y 0 ∈   K h


    Y  n =   T ~   Y  n − 1 , n = 1 , 2 , …


    Y  n →   Y  𝜆 ∗


  n → + ∞


    Y  n ( t ) = 𝜆   ∫ 0 1    t  𝛼 − 2   k  𝛼 ( t , s ) g ( s ,   Y  n − 1 ( s ) ) d s , n = 1 , 2 , … ,


    Y  n ( t ) →   Y  𝜆 ∗ ( t )


  n → + ∞


  W


  𝟏


  𝟒


  𝟓


  𝜆 = 1


   {    −   D  0 +  𝛼 Y ( t ) + a ( t ) Y ( t ) = g ( t , Y ( t ) ) ,     0 < t < 1 ,   𝛼 ∈ ( 1 , 2 ) ,   Y ( 0 ) = 0 ,     Y ( 1 ) = 0                                                                                                                                              


    Y ∗


    K h


  h ( t ) =   t  𝛼 − 1 −   t  𝛼


    Y 0 ∈   K h


    Y  n ( t ) =   ∫ 0 1    t  𝛼 − 2   k  𝛼 ( t , s ) g ( s ,   Y  n − 1 ( s ) ) d s , n = 1 , 2 , … ,


    Y  n ( t ) →   Y ∗ ( t )


  n → + ∞


  a ∈   L 1 [ 0 , 1 ]


    k  a ( t , s ) =   ∑  n = 0  + ∞  ( − 1  )  n   k  n ( t , s )


    k  n ( t , s ) =   ∫ 0 1  a ( 𝜂 )   𝜂  𝛼 − 2   k 0 ( t , 𝜂 )   k  n − 1 ( 𝜂 , s ) d 𝜂 , ( n = 1 , 2 , ⋯ )


   {    −   D  0 +   3 2 Y ( t ) −  1 40   t   1 2 ( 1 − t  )   1 2 Y ( t ) = 𝜆 [  1 2 + ( Y ( t )  )   1 6 ] ( 1 − t  )   1 2 ,     t ∈ [ 0 , 1 ] ,   Y ( 0 ) = 0 ,   Y ( 1 ) = 0 .                                                                                                                                                                      


  𝛼 =  3 2


  a ( t ) = −  1 40   t   1 2 ( 1 − t  )   1 2


  g ( t , Y ) = [  1 2 +   Y   1 6 ] ( 1 − t  )   1 2


  Γ  (  3 2 ) =    𝜋 2 ≈ 0 . 88623 ,


   Λ 1 =  1 40   ∫ 0 1    t   1 2 ( 1 − t  )   1 2    [ t ( 1 − t ) ]   1 2 d t =  1 240 < Γ  (  3 2 ) ,


   Λ 2 =  1 40   ∫ 0 1    t   1 2 ( 1 − t  )   1 2    [ t ( 1 − t ) ]  −  1 2 d t =  1 40 ,


  Λ =    Λ 2   1 2  ( Γ  (  3 2 ) −  Λ 1 ) ≈ 0 . 05669 ,


    ∫ 0 1  ( 1 − s  )  𝛼 − 2 g  ( s ,   ( 𝛼 − 1  )  𝛼 − 1    𝛼  𝛼 ) d s =   ∫ 0 1  ( 1 − s  )  −  1 2 ( 1 − s  )   1 2  (  1 2 +   (  1 2  )   1 2  (  3 2  )   3 2 ) d s =  1 2 +   (  1 2  )   1 2  (  3 2  )   3 2 .


  a ∈   L 1 [ 0 , 1 ]


  g ( t , Y )


  g ( t , 0 )  ≡ ̸ 0


  t ∈ [ 0 , 1 ]


  g ( t , Y )


  Y


  (   H 1 ) , (   H 2 )


  𝜙 ( 𝜏 ) =   𝜏   1 6 , 𝛾 =  1 4


  𝜙 ( 𝜏 ) ∈ ( 𝜏 , 1 )


  𝜏 ∈ ( 0 , 1 )


  𝜙 ( 𝜏 ) >   𝜏  𝛾


  Y ∈ [ 0 , + ∞ )


  g ( t , 𝜏 Y ) =  ( ( 𝜏 Y  )   1 6 +  1 2 ) ( 1 − t  )   1 2 ≥   𝜏   1 6 (   Y   1 6 +  1 2 ) ( 1 − t  )   1 2 = 𝜙 ( 𝜏 ) g ( t , Y ) ,


  (   H 3 )


  𝜆 > 0


    Y  𝜆 ∗


    K h


  t ∈ [ 0 , 1 ]


    Y 0 ∈   K h


    Y  n ( t ) = 𝜆   ∫ 0 1    t  𝛼 − 2   k  𝛼 ( t , s )  [  1 2 + (   Y  n − 1 ( s )  )   1 6 ] ( 1 − s  )   1 2 d s ,   n = 1 , 2 , … ,


    Y  n ( t ) →   Y  𝜆 ∗ ( t )


  n → ∞


    k  𝛼 ( t , s )


    Y  𝜆 ∗


  𝜆


    Y    𝜆 1 ∗ <   Y    𝜆 2 ∗


  0 <   𝜆 1 <   𝜆 2


    Y  𝜆 ∗


  𝜆


   ‖   Y  𝜆 ∗ −   Y    𝜆 0 ∗ ‖ → 0


  𝜆 →   𝜆 0   (   𝜆 0 > 0 )


     lim  𝜆 → 0 + ⁡   ‖   u  𝜆 ∗ ‖   =   0 ,      lim  𝜆 → + ∞ + ⁡   ‖   u  𝜆 ∗ ‖   =   + ∞


   {    −   D  0 +   3 2 Y ( t ) −  1 40   t   1 2 ( 1 − t  )   1 2 Y ( t ) = 𝜆   ( 1 − t  )   1 2   [ 1 + ( Y ( t )  )   1 3 ] ,     t ∈ [ 0 , 1 ] ,   Y ( 0 ) = 0 ,   Y ( 1 ) = 0 ,                                                                                                                              


  g ( t , Y ) =   ( 1 − t  )   1 2   [ 1 +   Y   1 6 ]


    𝛬 1 ,   𝛬 2 , 𝛬


    ∫ 0 1  ( 1 − s  )  𝛼 − 2 g ( s , 0 ) d s =   ∫ 0 1  ( 1 − s  )  −  1 2 g ( s , 0 ) d s = 1 .


  g ( t , Y )


  g ( t , h (   t 0 ) )  ≡ ̸ 0


  t ∈ [ 0 , 1 ]


    t 0 =  1 3


  g ( t , Y )


  Y ≥ 0


  (   H 4 )


  𝜙 ( 𝜇 ) =   𝜇   1 3 , 𝛾 =  2 3


  𝜙 ( 𝜇 ) ∈ ( 𝜇 , 1 )


  𝜇 ∈ ( 0 , 1 )


   1  𝜙 ( 𝜇 ) ≤  1    𝜇  𝛾


  Y ∈ [ 0 , ∞ )


  g ( t , 𝜇 Y ) =   ( 1 − t  )   1 2   [ ( 𝜇 Y  )   1 3 + 1 ] ≤   ( 1 − t  )   1 2    𝜇   1 3 (   Y   1 3 + 1 ) =  1  𝜙 ( 𝜇 ) g ( t , Y ) ,


  (   H 5 )


  𝜆 > 0


    Y  𝜆 ∗


    K h


    Y 0 ∈   K h


    Y  n ( t ) = 𝜆   ∫ 0 1    t  𝛼 − 2   k  𝛼 ( t , s )   ( 1 − s  )   1 2   [ 1 + (   Y  n − 1 ( s )  )   1 3 ] d s ,   n = 1 , 2 , … ,


    Y  n ( t ) →   Y  𝜆 ∗ ( t )


  n → ∞


    k  𝛼 ( t , s )

