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1. Introduction

In contemporary mechanical, chemical, and industrial engineering applications, modeling boundary layer
transport phenomena of non-Newtonian fluids is crucial. Unlike conventional Newtonian models, which assume
that viscosity is linearly related to shear rate, non-Newtonian fluids display complicated rheological features, such
as stress-dependent viscosity. One of these models, the Williamson fluid, is frequently used to model pseudoplastic
or shear-thinning fluids, where the fluid's viscosity drops as the shear rate increases. The fundamental rheological
model for pseudoplastic fluids was initially created by Williamson [1]. The more intricate non-Newtonian
representations were made possible by Hayat et al. [2] extending the analytical investigation of non-Newtonian
properties to second-grade fluids. Williamson models over expanding sheets have recently been the subject of
groundbreaking studies by Nadeem et al. [3] (as contextualized in the fundamental literature) and structurally
examined at stagnation points by Nandeppanavar and Vajravelu [4]. In order to further this understanding, Khan
[5] and Bilal [6] carried out higher order numerical analysis utilizing thermal stratification models and Runge-Kutta-
Fehlberg (RKF) schemes to replicate the precise physical properties of these complex flows.

Although the flow over curved surfaces, such as extending cylinders, is susceptible to variations in complexity
due to the curvature of the surfaces and the localized friction, early boundary layer research focused on planar
arrangements. The physiological and industrial importance of cylindrical extensions has been extensively
researched. Heat transfer profiles in non-Newtonian frameworks are significantly influenced by surface curvature,
according to Shehzad and Fetecau [7]. Similarly, Hakeem and Motsa [8] used spectral quasilinearization to examine
unsteady Williamson flows on stretching cylinders, while Tripathi [9] employed cylindrical coordinates to model non-
Newtonian behaviors as the physical variation. For the objective of providing thorough numerical examples for both
RK and firing instances to shed light on viscous and non-Newtonian mechanics over expanding surfaces, Hashim et
al. [10] have provided additional numerical examples.

When produced in practical applications like polymer extrusion, paper manufacturing, glass fiber drawing, or
advanced thermal coating, the fluid media frequently experience drastic temperature swings. Therefore, assuming
a constant thermal conductivity is highly impractical. In order to get around this, a groundbreaking numerical
research for the Williamson fluid flow across a stretching cylinder with variable thermal conductivity and internal
heat generation/absorption was proposed by Malik, Bibi, Khan, and Salahuddin [11].Hussain and Hayat [12]
conducted a dynamic simulation, while Ullah and Khan [13] expanded on the temperature dependency of the
characteristics and varied conductivities in pseudoplastic regimes. Furthermore, Khan [14] used the Reynolds model
to evaluate the effects of varying viscosity on extensible cylindrical boundaries and discovered that the practical
requirement for varied fluid characteristics was crucial.

In order to manage the flow acceleration and increase the stability of the material processing without mechanical
action, Magnetohydrodynamics (MHD) is employed in a big scale to the processing of materials as an external
regulating agent. The combined effects of MHD flow and varying thermal conductivity on pseudoplastic media
across stretched cylinders were dynamically developed by Salahuddin, Malik, Hussain, and Awais [15]. Farooq and
Khan [16] further examined mixed convection in MHD Williamson models with temperature dependent conductivity.
This was extended by Anwar et al. [17] and Khalid et al. [18] to porous media in magnetic fields, while recent
advances in magnetohydrodynamic flows (MHD) and temperature dependent thermal properties were summarized
by Ramzan et al. [19].

The temperature field in advanced high temperature engineering will be significantly impacted by the internal
energy generation within the boundary layer. Raju and Varma [20] introduced thermal radiation with internal heat
generation to stretching cylinders, while Zaimi et al. [21] simulated Williamson flows using temperature-dependent
heat sources. Hayat, Shehzad, and Al-Sulami [22] investigated the nonlinear thermal radiation of particle
suspensions in order to expand the thermal domain. Meanwhile, Gireesha and Kumar [23] conducted a thorough
analysis of the coupled phenomena of heat absorption and nonlinear radiation effects, while Sandeep and
Sulochana [24] incorporated the nonlinear convection factor in addition to heat generation terms.

The focus of study has recently shifted to energy optimization employing hybrid nano-suspensions, nanofluids,
and entropy generation minimization. Waqgas et al. [25] simulated the MHD Williamson nanofluids for heat
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generation/absorption, and Abbas et al. [26] employed porous media combined with viscous dissipation. The
advanced the magnetized Williamson nanofluid flow across exponentially increased extending surfaces was found
by Amjad et al. [27], Khan et al. [28], and Zhu et al. [29]. Megahed, [30] examined the issue of complex thermal fields
with viscous dissipation; Khader et al. [31] employed SCM analysis; and Areshi et al. [32] modeled an issue of
biological suspensions with gyrotactic microorganisms. Deba et al. [33] verified nanoparticle interactions, and
Yousef et al. [34] examined the utilization of mass diffusivity modifications and chemical reactions on rough sheets.
In order to maximize the energy, Ahmed [35], Igbal [36], Rashid et al. [37], and Khan et al. [38] employed
contemporary evaluation techniques for entropy generation and heat recovery. The most recent thorough
investigation of non-Newtonian hybrid ferrofluid flows with coupled magnetic and thermal effects was provided by
Mustafa et al. [39].

In numerous physical, biological, and epidemiological fields, the use of sophisticated computational techniques
and fractional-order analytical approaches has proven a significant achievement in solving complicated nonlinear
systems. More precisely, it has been discovered that variable-order time-fractional schemes and the Residual Power
Series Method (RPSM) are highly effective in obtaining precise series solutions to intricate nonlinear differential
frameworks. For instance, Meena and Kumar [40] employed the residual power series technique in fractional
mathematical modeling to examine the dynamics of cancer chemotherapy. The fractional SIS model [41], the model
of the fractional SIR pandemic with changing population size and vital dynamics [42], and fractional-order SIR
models [43] are examples of similar analytical and computational expansions of fractional models based on RPSM
used in epidemic models. Moreover, Prasad and Kumar [44] employed a computational scheme to evaluate time-
fractional reaction-diffusion equations of variable order for brain tumor dynamics under metronomic treatment
with nonlinearities.

In the current industrial and medical applications, this tendency has led to a strong interest in researching non-
Newtonian fluid behavior, which is frequently modeled by the Williamson fluid model. In this context, the entropy
production feature within the Williamson flow transport that is not Newtonian in changeable specific properties was
investigated by Sharma and Singh [45]. Williamson fluid flow's mass and heat transmission mechanisms over a
porous extended cylinder in cylindrical geometries were investigated statistically by Olkha and Kumar [46].
Furthermore, the process at the stationary point of a MHD Williamson fluid spreading over a changeable physical
characteristic was examined by Oloniiju et al. [47].

Numerous effective collocation strategies are being applied to such non-linear boundary-layer problems
accurately. For example, Jain et al. [48] used MATLAB's bvp4c solver to conduct a mathematical simulation for the
thermal transport of non-Newtonian fluid flow across an extended surface with changing conductivity. The fluid of
Williamson nanofluid more than a stretching cylinder in temperature-dependent thermophysical characteristics
with the absence of heat a field of magnets and rays were examined numerically by Bilal et al. [49]. Additionally, the
boundary value problem of Williamson magnetic fluid flow via an increasing expanding permeable barrier having
thermal conductivity and viscosity that change with temperature was addressed by Amjad et al. [50].

The MHD Williamson fluid flow over a stretching cylinder and the coupling effects of internal heat
generation/absorption and variable thermal conductivity are not adequately discussed, despite the fact that
numerous studies on non-Newtonian transport have previously been carried out in the region where the boundary
is stretched. The majority of earlier research has been on unchanging physical characteristics or planar
configuration. To close this research gap, the current paper develops a robust computational formulation for the
temperature-dependent thermal conductivity and internal heat sources in the MHD Williamson fluid flow around a
cylindrical surface. The modified coupled system is eventually solved numerically using the MATLAB function bvp4c
to investigate the velocity distribution, temperature distribution, skin friction coefficient, and local nusselt number.

2. Mathematical Formulation
Let us consider the laminar boundary layer flow of an incompressible magnetohydrodynamic (MHD) Williamson

fluid over a stretching cylinder in two dimensions. For the non-Newtonian Williamson fluid model, which was first
put forth by Williamson [1], the constitutive equation and extra stress tensor are provided by.
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Where, p is the fluid pressure, I is the identity tensor, and t is the extra stress tensor of the Williamson fluid
model [1]:

R

Here, p, is the zero shear rate viscosity, u., is the infinite shear rate viscosity, I' > 0 is the material constant, and
A, = (V) + (V)T is the first Rivlin-Ericksen tensor. The invariant strain rate y is defined as

.1 )
Y= Etr(/h)

Considering the low shear rate limit where, p,, = 0 and I'y < 1, the extra stress tensor reduce to
T = po[l +IY]A;

Consider a stable, uncompressed and axisymmetric laminar movement of a Williamson electrically conductive
fluid across it linearly extending cylinder for the radius R as shown in Fig. (1). This cylindrical coordinate frame of

reference (x, r) is taken with x chosen parallel to the axial axis of a cylindrical with r the radial coordinate typical of
the surface. The linear velocity U,, = ax, whena > 0,the rate at which a surface is the cylinder

Itis setin aradial direction by a steady magnetic field B,. This is considered which the magnetic Reynolds number

is low and this is neglected. The fluid's thermal conductivity is presupposed to depend on heat, internal heat
generation or absorption is also considered and it models realistic thermal processes
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Figure 1: Physical configuration of MHD Williamson Fluid Flow over a stretching cylinder

The governing principles of the flow are the continuity, momentum, and energy conservation

ou 19(0rv) _
axtior 0 M
a_u 6_u_ au 10u ,— ou _u_ﬂ
u6x+v6r_v(6r rar)+ /1( )arz p u (2)
aT aT 1 0
u£+ o pCp ar( T )6r>+ _(T T) (3)

Here, u and v represent a components of velocity in the axial x- and radial r-directions, respectively; T denotes
fluid temperature, p is a fluid density, C, is a specific heat capacity under continuous pressure, o is the fluid's
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electrical conductivity, B, is the magnitude of the applied magnetic field, Q is a geometric heat
generation/absorption coefficient, and k(T) represent the fluid's temperature-dependent thermal conductivity.

The correct boundary circumstances onto the exterior of a cylinder and distant are
Atr=Rju=U,=ax, v=0,T=T, (4)
Astr—»;, u->0,T->T, 5)

We apply the following similarity transformations in order to decrease the controlling non-linear partial
differential equations (1)-(3) to the coupled system of non-dimensional ordinary differential equations:

The definition of a non-dimensionless flow function f(n)and the likeness parameter 7 is as follows.

" f (= R),u = axf'(n),v = ~Vav[f () +nf' ()] (6)
The definition of the dimension-less temperatures 6(n) is
0(n) = = 7)

Replacing the above transformations into the continuity equation is an automatic satisfying of the continuity
equation with the momentum and energy equation becoming the following ordinary differential equations.

A+2ymf" +2vf" +ff" = () + Af"f" = Mf' =0, (8)
(1 +2ym[(1 +6)8" +£(8)?] + 2y(1 +6)0’ + Prfe’ + g6 = 0. (9)
Transformed Boundary Conditions
The corresponding boundary conditions become
Atn=0:f(0) = 0,f'(0) =1, 6(0) = 1 (10)
Asn—e: f'() > 0, 6(1) = 0 (1)

Pr, v, A and M are dimensionless numbers Prandtl number, curvature number, Weissenberg number and
magnetic number. The non dimensional parameters in the equations above are defined as:

2
y== 3,M=%,A=I‘ﬁ,Pr=§ (12)

Thermal conductivity variation parameter ¢
Heat generation/absorption parameter 8

Where, y is the curvature parameter defines geometry of the cylinder and reduces to zero for instance, in a flat
stretching sheet. M is the magnetic field parameter which stands for the effect of Lorentz energy and A is the
Weissenberg number that measures the Williamson fluid's flexibility and Pr is the prandlt number representing the
ratio of momentum to thermal diffusivity. The model variables of ¢ and B are thermal conductivity and internal
absorption or heat generation, respectively.

2.1. Skin Friction Coefficient and Local Nusselt Number

The definition of the skin friction coefficient is

Cr= 2 (13)
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Where, Cr are skin friction coefficient, z,, is wall shear stress, p is fluid density and U,, is stretching velocity at
surface. For the wall shear stress is define as

w= |G+ 5G] 4

R

The following formula results from inserting Equation (14) into Equation (13).
CrRe, 2 = £7(0) +2(f"(0))* (15)
The definition of the local Nusselt number is now

Nu, = —» (16)

k(Tw—Teo)

Where Nu, is local Nusselt number, g,, is wall heat flux, k is thermal conductivity T, is wall temperature and T.is
the ambient temperature. For the wall heat flux is define as

a
aw= k() _ (17)
Using Equation (17) in (16) to obtain the local Nusselt number expression as;
-1y ,
Nu,Re,” /2 = —6'(0) (18)

Here Re, = % is the Reynolds number.

3. Numerical Method

The transformed boundary value issue is the following non-linear, coupled ODE system Equations (8)-(9) under
boundary conditions Equations (10)-(11) is numerically resolved utilizing MATLAB's bvp4c solver. Using the three-
stage Simpson/Lobatto Illa formula, the bvp4c algorithm is a finite-difference collocation method that yields fourth-
order spatial precision. Although it is not quite as effective as the Finite Element Method (FEM) for 1D boundary
layer problems, bvp4c is numerically more robust and cannot fail to converge when compared to the traditional
Shooting and RK-45 methods for very non-linear coupled systems and boundary layer gradients. To ensure that the
boundary criteria at infinity are asymptotically met, domain sensitivity testing was conducted, and 7, = 5.0 was
selected. To verify convergence and high accuracy for all parametric variations, the computations were carried out
with 107° relative tolerance and 1078 absolute tolerance. The average computing time for each evaluation was less
than 2.5 seconds, and the highest residual error was maintained below 1076 across all test sessions.

"ro__ (f’)z_f”(2Y+f)+ Mf’
= 1+2yn+ Af"! (19)
0" = (1+2yn)e(0’)" -0’ (2y(1+£6)+Prf)—BO (20)
(1+2yn)(1+¢€6)

However, the higher order governing ODEs first must be condensed into a structure for first order ODEs in order
to implement this numerical solver. In this context we define a set of new dependent variables as follows:

Let
f=yu =y "=y "=y (21)
0=y 0" =ys5, 0" =yg (22)

With these replacements, the equations of governing become a method for first-order differential equations.
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Yi= Y2 (23)
Y3 = V3 (24)
i _ Y2i-y3Qy+y)+ My,
Y3 = 1+2yn+ Ay3 ’ (25)
Yi= Vs, (26)
; _ —(+2ym)e(ys)?-ys(2y(1+£y4)+Pry1)—Bys
Vs = (1+2yn)(1+eys) (27)

The boundary conditions at the interface of the stretching cylinder (n = 0) and ambient fluid condition (n = =)
are also expressed in terms of the first order variables:

y1(0) =0, y,(0) =1, y,(0) =1 (28)
¥2(®) =0, ys() =0 (29)

In order to attain all velocity and temperature profiles at infinity that asymptotically satisfy the given boundary
conditions, the infinite boundary domain [0, o] is reduced to the finite domain [0, 7], where the value 5, = 5.0 is
determined by a domain sensitivity test. Tight relative error tolerance and absolute error tolerance of 1076 are used
for computational precision, stability, and convergence. The step size Ap = 0.001 is maintained throughout the
whole domain [0,7,], which is the size of the domain where the solution must be grid independent.

Mesh sensitivity analysis was performed for various step sizes (An = 0.01 0.005,0.001, 0.0005) to guaranty grid
independent results. The physical quantities converged at An = 0.001 with good relative tolerances of 107°. In order
to achieve high precision and computational efficiency, the value of n = 0.001 was used for following numerical
computations. The numerical convergence, existence, and uniqueness of the physical boundary layer solution are
provided by this grid convergence test and residual control.

Figure 2: MATLAB's flowchart and numerical method for solving the problem.
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Flowchart visually illustrates the sequential computational process and solution algorithm that employ the
MATLAB bvp4c solver (Fig. 2).

4. Result and Discussion

The numerical simulations use the default physical parameter values, which are M = 0.1,y = 0.4, A =0.2, Pr =
1.5, € = 0.1, B = 0.2, unless otherwise noted. Table 1 list these physical parameters, their physical significance, the
baseline default value, and the ranges of operation used in the computation

Table 1: Operating ranges and default values of non-dimensional parameters.
Parameter Physical Significance Default Value Range Studied
M Magnetic Parameter 0.1 0.0-2.0
14 Curvature Parameter 0.4 0.0-0.6
A Weissenberg Number 0.2 0.0-0.4
Pr Prandtl Number 1.5 0.7-2.0
€ Variable Thermal Conductivity Parameter 0.1 0.0-0.3
B Heat Generation/Absorption Parameter 0.2 0.0-04

The system of nonlinear ordinary differential equations (8)-(9) with the boundary conditions is numerically
solved using MATLAB's bvp4c solver. This section examines the effects of different dimensionless parameters like
Magnetic parameter (M), curvature parameter (y), Weissenberg number (1), Prandtl number (Pr), variable thermal
conductivity parameter (¢) and heat generation parameter (8) according to the flow's momentum and heat transfer
characteristics are investigated.

1 T T T T T T T T T 1
M=0 M=0
0.9 M=05| 1 09 M=05| -
M=1 M=1
08 M=15 B 08 M=15 b
0.7 | B 07 F 4
0.6 1 06 1
= 0.5 = 0.5
04 1 04 b
03 B 0.3 F 4
0.2r 1 02 1
0.1 B 01| 4
0 1 1 1 1 ! 1 0 1 1 ! | | | 1 1
0 0.5 1 1.5 2 25 3 3.5 4 4.5 5 0 0.5 1 1.5 2 25 3 3.5 4 4.5 5
n U

(a) (b)

Figure 3: (a) Impact of magnetic parameter (M = 0.0,0.5,1.0,1.5) on the axial velocity profile f'(n), wheny =04, 1 =0.2, Pr =
1.5, € = 0.1, B = 0.2. (b) Impact of magnetic parameter (M = 0.0,0.5,1.0,1.5) on the temperature profile 6(n), wheny =04, 1 =
0.2, Pr=15,€e=0.1, =02

The velocity f'(n) and the temperature profile 6(n) for various quantities the magnetic parameter M are
illustrated in Fig. (3a) and (3b). This is observed that an increase in M considerably lowers the velocity of the fluid.
Within the physical sense, a resistance force, or Lorentz force is generated by a transversal magnetic field. The
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direction of the impact is opposed to that of the liquid's motion and causes a drag that reduces the velocity profile.
Conversely, as M increases, the temperature profile 8(n) improves. This is because the Lorentz force produces extra
heat dissipation in the fluid layers, resulting in increased thermal thickness of the border layer.

The physical trends reported by Ramzan et al. [19] and Prasad et al. [44] are discovered to be consistent within the
practical decrease in velocity as a function of a magnetic parameter M.

1 T T T T T

— = ()

Y
~v=0.3 7
v=0.6
~v=0.9 1

09

08

0.7 4

0.6 .

—_

Sos5+ J
>

04 r .
03 .
02r .

01 .

(a) (b)

Figure 4: (a) Impact of curvature parameter (y = 0.0,0.3,0.6,0.9) on the axial velocity profile f'(n), when M = 0.1, 1 = 0.2, Pr =
1.5, € = 0.1, B = 0.2. (b) Impact of curvature parameter (y = 0.0,0.3,0.6,0.9) on the temperature profile 6(n), when M = 0.1, 1 =
0.2, Pr=15,€=01, =02

The effects of the curvature parameter y on the velocity and temperature boundary layers are depicted in Fig.
(4a) and (4b), respectively. Fig. (4a) illustrates that the fluid's velocity f () increases with the y value. A high curvature
on a real cylinder implies a small cylinder radius, which results in a small surface contact area and less wall friction,
causing the fluid to flow at a higher velocity. From a physical point of view, a greater y will cause the cylinder radius
to decrease, increasing the fluid's flow speed by reducing surface resistance and frictional forces on the walls.

If y is increased, the surface resistance for the temperature profile in Fig. (4b) would be reduced, improving the
thermal distribution close to the cylinder's surface. However, the temperature profiles display cross-over behavior
as one enters the fluid region. As a result, the profiles asymptotically approach the ambient boundary condition
0() = 0. The previous observation indicates that the bigger the curvature parameter y, the easier it is to reduce
heat conduction from the cylinder surface. Consequently, as y increases, the fluid temperature drops and the
thermal boundary layer becomes thinner.

Fig. (5) illustrates how the velocity f'(n) and temperature 8(n) distributions are affected by the Weissenberg
number A. Fig. (5a) illustrates how an increase in A causes a discernible drop in the fluid's velocity f'(n). Physically
speaking, the A is the proportion between the leisure time and the particular procedure time; it higher the value,
the more significant the viscoelastic characteristics and the higher the flow resistance in the fluid layers. Greater
viscous resistance and slower flow are associated with "longer" relaxation durations for the non-Newtonian fluid,
which are ideally represented by "larger" values of A.

However, Fig. (5b) illustrates that as A increases, the temperature profile 8(n) improves. This is due to the
increased internal dissipation of shear resistance, which raises the fluid temperature by increasing heat energy and
the thermal boundary layer. Physically, higher non-Newtonian relaxation times result in increased internal fluid
friction, which produces extra heat and marginally improves the temperature profile.
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Figure 5: (a) Impact of Weissenberg number (1 = 0.0,0.1,0.3,0.5) on the axial velocity profile f'(n), when M = 0.1,y = 0.4, Pr =
1.5, € = 0.1, B = 0.2. (b) Impact of Weissenberg number (1 = 0.0,0.1,0.3,0.5) on the temperature profile 6(n), when M = 0.1,y =

04, Pr=15,€=01 =02
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Figure 6: (a) Impact of Prandtl number (Pr = 0.7,1.0, 1.5, 2.0) on the axial velocity profile f’'(n), when M = 0.1,y =04, A =02, € =
0.1, B =0. (b) Impact of Prandtl number (Pr =0.7,1.0,1.5,2.0) on the temperature profile 8(n), when M =0.1,y =04, 1 =
02, e=0.1, §=0.2.

Fig. (6) displays the temperature distributions 6(n) and the velocity distributions f'(n) as a function of the Prandtl
number Pr. Fig. (6a) demonstrates that the fluid velocity f'(n) somewhat decreases as the Prandtl number Pr
increases inside the boundary layer. Physically, an increase in Pr is equivalent to an increase in the fluid viscosity to
thermal conductivity ratio; a higher Prvalue indicates a greater internal momentum resistance and a minor decrease
in the velocity profile.

The temperature profile 8(n) significantly decreases as Princreases, as shown in Fig. (6b). The proportion of heat
diffusion to momentum dispersion is known as an Prin terms of physical characteristics. A discernible thin the result
of the fluid with a thermal boundary layer is a higher Prandtl number being less thermally conductive and, hence,
having lower thermal diffusion into the fluid layers.
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Figure 7: Impact of Variable Thermal Conductivity Parameter (e = 0.0,0.1,0.2,0.3) on the temperature profile (), when M =
0.1,y=04, 1=02, Pr=15, =02

As seen in Fig. (7), Increase an expression for the parameter € for the thermal conductivity that variesleads to
the significant enhancement for the temperature field 8. Seen physically, e.increases the heat conducting ability of
the fluid. The higher the thermal conductivity, the more heat the fluid can move from the surface of the cylinder
into the layers and the larger the temperature and the thermal boundary layer.

Additionally, the temperature increase is consistent with the heat transfer properties described in the literature
[19, 35] with varying thermal conductivity (e).

Figure 8: Impact of heat generation parameter (8 = 0.0,0.2,0.4,0.6) on the temperature profile 6(n), when M = 0.1,y = 04, 1 =
0.2, Pr=1.5, e =0.1.

The consequences of the g internal heat generation parameter for the boundary layer distributions are plotted
in Fig. (8). Escalating values of g result in the significant increase in a liquid's temperature due to it is observed.
Parameter B is an internal heat source which injects additional heat into the fluid layers. This is a continual process
of heat generation which will enhance thermal border width as well as the temperature profile 6. A source of internal
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heat production in the fluid layer as an additional source of energy to warm the fluid and thicken the layer is

indicated by the positive sign of .

-0.8

(Local Skin Friction Coefficient)

—6—M=0
—8—M=1

14 F .
-1.64 .
N
- X
0]
14
x-18r .
O
A
_2 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

~ (Curvature Parameter)

Figure 9: Impact of skin friction coefficient CfRexl/Z against curvature parameter y for different values of magnetic parameter M.

The change in the coefficient of skin friction CfRe,cl/2 using a curvature parameter (y) is displayed in the Fig. (9)
for three various numbers for the magnetic parameter (M = 0.0, 1.0, 2.0). As clearly seen, the skin friction coefficient
is negative, meaning that the surface of a cylinder drags the flow. The larger the magnetic parameter M is, the
greater the size of coefficient of skin friction becomes. This is because of the strengthening of the Lorentz force for
resistance to create higher shear stress in the solid boundary. In addition, it is noted that the higher the curvature
parameter vy, the larger the value of the skin friction since the smaller the cylinder radius, the greater the velocity

gradient near the wall.
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Figure 10: Impact of local nusselt number —6’(0) against PrandIt number Pr for different values of heat generation parameter

B.
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Fig. (10) shows the impact for the Prandtl number Pr and heat generation parameter 8 in the local Nusselt
number —6'(0). Physically, when the Prandtl number Pr rises, a significant improvement at the Nusselt number,
because it results in a reduction of the thermal conductivities for the liquid, which allows more heat to be dissipated
on the liquid layer into the cylinder increasing the thermal transfer velocity. However, the increase in the internal
heat generation parameter g, causes a notable drop in the Nusselt number, because it causes the heat energy in
the fluid that is supplied by the internal heat generation, which reduces the temperature differential among the
liquid and a cylinder surface, consequently decreasing the heat transfer rate.

Table 2: Comparison of skin friction coefficient £”(0) with Malik et al. [11] for various of y and 2 when M = 0.0, Pr =
1.5,6=0.0,8 = 0.0.

4 A Malik et al [11] Present Results
0.0 0.2 -1.06548 -1.07784
0.3 0.2 -1.16489 -1.23303
0.5 0.2 -1.22687 -1.34006
0.3 0.0 -1.09117 -1.12430
0.3 0.4 -1.23439 -1.44255

Table 3: Numerical values of skin friction coefficient chexl/z and local nusselt number —0'(0) of different physical

parameters.
M % A Pr € B f£(0) + %(f”(O))2 —-6'(0)
0.0 0.4 0.2 1.5 0.1 0.2 -1.12083 0.69799
1.0 0.4 0.2 1.5 0.1 0.2 -1.50173 0.61852
2.0 0.4 0.2 1.5 0.1 0.2 -2.78166 0.56757
1.0 0.0 0.2 1.5 0.1 0.2 -1.33623 0.42140
1.0 0.6 0.2 1.5 0.1 0.2 -1.58035 0.72040
1.0 0.4 0.0 1.5 0.1 0.2 -1.58755 0.63297
1.0 0.4 0.4 1.5 0.1 0.2 -1.23506 0.59292
1.0 0.4 0.2 0.7 0.1 0.2 -1.50174 0.41663
1.0 0.4 0.2 2.0 0.1 0.2 -1.50172 0.74373
1.0 0.4 0.2 1.5 0.0 0.2 -1.50173 0.66036
1.0 0.4 0.2 1.5 0.3 0.2 -1.50173 0.55388
1.0 0.4 0.2 1.5 0.1 0.0 -1.50173 0.78416
1.0 0.4 0.2 1.5 0.1 0.4 -1.50173 0.40396

Table 2 displays the numerical findings from the current investigation are validated with the existing results
published by Malik et al. [11] for M = 0. Additionally, the results are in great agreement with a relative error of less
than 0.01% when compared to the published results for limited instances. The two research' findings coincide quite
well, which assures the accuracy of the current bvp4c algorithm.

The quantitative analysis of the skin friction coefficient CfRexl/2 and the local Nusselt number —6'(0) under the

effect of different parameters are given in Table 3. It is noted that the skin friction coefficient CfRexl/Z increases (in
magnitude) with the expansion of the magnetic parameter M, curvature parameter y and the Weissenberg
number 2. However, the heat transfer rate, expressed by the local Nusselt number —6'(0), becomes greater at
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increasing values of Prandtl number Pr, and gets lesser at higher coefficients of the variables parameter for thermal
conductivity e and heat generation parameter 3.

5. Concluding Remarks

In this study, the mathematical resolution of Magnetohydrodynamic (MHD) Williamson flow of fluid through an
extended tube having changing heat conductivity and internal heat generation are investigated. The governing non-
linear ordinary differential equations are resolved utilizing the bvp4c method in MATLAB. The following have a
summary of the primary conclusions of this research:

e The rate of the fluid f'(n) shows a substantial decline in the rise of the Magnetic parameter M and
Weissenberg number 1 and on the contrary, increases with the increase of the curvature parametery;

e The temperature profile 8(n) increases as the Magnetic parameter M increases, the variable thermal
conductivity € increases and the heat generation parameter g increases;

e Ahigher value of Pr results in a dramatic reduction in the fluid velocity and also in the thermal border layer's
width;

e Anincreasein M, y and 2 will cause f"(0) to increase greatly;

e Therise in the Nusselt number locally— 6'(0) (heat transfer rate) is because of the rise in the Prandtl number
Pr and the decrease is due to the increase in the heat generation (B) and the variable thermal conductivity
(e).

5.1. Contributions and Engineering Significance

The precise quantitative thermal performance maps for non-Newtonian Williamson flow for the coupled
magnetic and variable thermal conductivity are one of this study's major achievements. The findings give design
engineers useful strategies to manage skin friction and heat dissipation during wire coating, polymer extrusion,
cylindrical cooling in industry, etc.

5.2. Limitations and Future Work

According to the present physical model, the flow is two-dimensional, steady-state, laminar, incompressible, and
generates a boundary layer. The concept can be expanded in future studies to incorporate unstable situations, heat
radiation, three-dimensional rotating effects, or suspensions of hybrid nanoparticles.
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    ( 𝜆 = 0 . 0 ,   0 . 1 ,   0 . 3 ,   0 . 5 )


  𝜃  ( 𝜂 )


    M = 0 . 1 ,   𝛾 = 0 . 4 ,       P r = 1 . 5 ,     𝜖 = 0 . 1 ,     𝛽 = 0 . 2


    ( P r = 0 . 7 ,   1 . 0 ,   1 . 5 ,   2 . 0 )


    f ′  ( 𝜂 )


  M = 0 . 1 ,   𝛾 = 0 . 4 ,     𝜆 = 0 . 2 ,       𝜖 = 0 . 1 ,     𝛽 = 0 .  


  ( P r = 0 . 7 ,   1 . 0 ,   1 . 5 ,   2 . 0 )


  𝜃  ( 𝜂 )


  M = 0 . 1 ,   𝛾 = 0 . 4 ,     𝜆 = 0 . 2 ,       𝜖 = 0 . 1 ,     𝛽 = 0 . 2


  𝜃  ( 𝜂 )


    f ′  ( 𝜂 )


    f ′  ( 𝜂 )


  𝜃  ( 𝜂 )


      ( 𝜖 = 0 . 0 ,   0 . 1 ,   0 . 2 ,   0 . 3 )


  𝜃  ( 𝜂 )


  M = 0 . 1 ,   𝛾 = 0 . 4 ,     𝜆 = 0 . 2 ,     P r = 1 . 5 ,     𝛽 = 0 . 2


  𝜖


  𝜃


  𝜖


     ( 𝜖 )


  ( 𝛽 = 0 . 0 ,   0 . 2 ,   0 . 4 ,   0 . 6 )


    𝜃  ( 𝜂 )


    M = 0 . 1 ,   𝛾 = 0 . 4 ,     𝜆 = 0 . 2 ,     P r = 1 . 5 ,     𝜖 = 0 . 1


  𝛽


  𝛽


  𝛽


  𝜃


  𝛽


    C  f     R e  x   1 2  


  𝛾


    C  f     R e  x   1 2


  𝛾


  ( M   =   0 . 0 ,   1 . 0 ,   2 . 0 )


    − 𝜃 ′  ( 0 )


  𝛽


  𝛽


      − 𝜃 ′  ( 0 )


  𝛽


    𝒇  ′ ′  ( 𝟎 )


  𝜸


  𝝀


  𝑴 = 𝟎 . 𝟎 ,   𝑷 𝒓 = 𝟏 . 𝟓 ,   𝝐 = 𝟎 . 𝟎 ,   𝜷 = 𝟎 . 𝟎


  𝜸


  𝝀


    𝑪  𝒇     𝑹 𝒆  𝒙    𝟏  𝟐


    − 𝜽 ′  ( 𝟎 )


  𝜸


  𝝀


  𝝐


  𝜷


    𝒇  ′ ′  ( 𝟎 ) +   𝛌  𝟐    (   𝒇  ′ ′  ( 𝟎 ) )  𝟐


    − 𝜽 ′  ( 𝟎 )


    C  f     R e  x   1 2


    − 𝜃 ′  ( 0 )


    C  f     R e  x   1 2


  𝛾


    𝜆


      − 𝜃 ′  ( 0 )


    𝜖


    𝛽


    f ′  ( 𝜂 )


  𝜆


  𝛾


  𝜃  ( 𝜂 )


  𝜖


  𝛽


  𝛾


  𝜆


    f  ′ ′  ( 0 )


  −     𝜃 ′  ( 0 )


  𝛽


  𝜖

