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1. Introduction

While linear equations are limited to describing simple, superposition-compliant phenomena, nonlinear partial
differential equations (NPDEs) provide a powerful mathematical framework for characterizing real-world nonlinear
effects. Through analytical or numerical methods, NPDEs reveal the intrinsic evolutionary laws of complex systems,
serving as a fundamental tool for modeling intricate physical phenomena and dynamical systems [1-3]. For instance,
the Korteweg-de Vries (KdV) equation [4] was the first to mathematically explain the counterintuitive phenomenon
of soliton propagation, where isolated waves maintain stable waveforms over long distances due to a precise
balance between nonlinearity and dispersion. Meanwhile, the Navier-Stokes equations [5] incorporate nonlinear
convection as a key mechanism governing turbulent fluid dynamics, underpinning critical applications such as
aerodynamic design, typhoon trajectory prediction, and ocean circulation modeling. As a simplified model, the
Burgers equation [6] facilitates the analysis of shock wave formation and has been widely applied in studies of traffic
flow dynamics and congestion evolution.

In the field of mathematical physics, the solution of nonlinear partial differential equations has been one of the
core focuses of research, attracting many scholars to devote themselves to it, and fruitful results have been achieved
in recent years. A series of well-established methods such as the variational iteration method [7-11], the (G'/G)-
expansion method [12-15], the improved F-expansion method [16-20], the trial equation method [21-24], the
homogeneous balance method [25-28], the Hirota bilinear method [29-32], and the improved Kudryashov’'s method
[33-36] have been proposed one after another and continuously improved. These methods provide powerful tools
to unlock the complex mathematical structure of NPDEs and reveal the physical laws underlying them.

The CBS equation studied in this paper is as follows:
Uyt + Uyyxy T AUy Uyy + DUy Uy, = 0. (1

The Calogero-Bogoyavlenskii-Schiff equation [37] is an important nonlinear evolutionary model that describes
the propagation of Riemannian waves, with established applications in fluid dynamics and plasma physics. This
equation characterizes the interaction between a long wave propagating along the x-axis and Riemannian waves
along the y -axis. In fluid dynamics, it provides a mathematical framework for cross-scale energy transfer between
shallow water waves and internal waves; in plasma physics, it captures the nonlinear resonance between
magnetoacoustic and ion-acoustic waves; in nonlinear optics, it describes waveform distortions of ultrashort pulses
arising from the self-steepening effect in photonic crystal fibers. Owing to its ability to model these diverse wave
phenomena, the CBS equation has attracted sustained research interest [38] and remains an active subject of study
in mathematical physics.

While earlier studies on the CBS equation have successfully advanced our understanding of its nonlinear
dynamics-such as investigating exact solutions across different dimensions [39], applying the symmetry method to
reduce the governing equation into solvable ordinary differential equations [40], and employing the bilinear method
to derive multiple-soliton structures [41] these approaches typically target specific solution classes. The present
study advances beyond these works in two key aspects: First, instead of employing disjoint analytical methods for
different wave types, we establish a conceptually unified framework that simultaneously derives kink, singular
periodic, and rational waves. Second, our solutions incorporate a broader spectrum of arbitrary coefficients, which
offers enhanced parameter flexibility. This property facilitates a clearer observation of wave structure variations
and provides a useful analytical tool to characterize nonlinear wave propagation across diverse physical conditions.
For a direct and systematic overview of these distinguishing features, readers are referred to the comparison table
in Appendix B.

Recently, Sachin Kumar [42] innovatively proposed a new analytical method, which opens a new path for the
creation of exact solutions of high-dimensional nonlinear partial differential equations. Inspired by this, this study
aims to apply the Kumar-Malik method to explore the integer order CBS equation in depth in an attempt to construct
more different types of analytical solutions to further enrich the knowledge of the dynamical behavior of this
equation. Moreover, the improved F-expansion method [43-46] is also an effective tool for solving the exact solution
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of nonlinear evolution equations. Based on the traditional F-expansion method, the improved F-expansion method
transforms the original nonlinear partial differential equation into an ordinary differential equation by introducing
an appropriate traveling wave transform. Subsequently, combining with higher-order auxiliary equations, further
richer and more diverse forms of exact solutions are obtained.

The principal innovations of this research can be summarized as follows:

1. Through the innovative combination of the Kumar-Malik method and an enhanced F-expansion technique, we
establish an efficient and systematic solution framework. This approach markedly improves both the
construction efficiency and the structural diversity of analytical solutions for the CBS equation, offering a
unified perspective for solving high-dimensional nonlinear evolution equations.

2. For the first time, we have systematically derived a comprehensive family of composite exact solutions for the
integer-order CBS equation under this framework. Notably, we obtained physically robust kink wave solutions,
singular periodic wave solutions, and rational singular solutions with broad parameter spaces, thereby
substantially enriching the known dynamical properties of this equation.

3. The derived exact solutions possess not only mathematical significance but also provide a new theoretical
framework for analyzing nonlinear wave propagation phenomena in various physical systems, particularly in
fluid dynamics and plasma physics.

This paper is divided into the following sections: In Section 2, the specific procedure of the Kumar-Malik method
is outlined. In Section 3, a large number of exact solutions of the CBS equation are obtained by the Kumar-Malik
method. In Section 4, analytical solutions of the CBS equation are obtained by the improved F-expansion method.
In Section 5, we give 3D plots, 2D graphs, and contour maps of some of the solutions using Maple. In Section 6,
stability analysis is discussed. Finally, in Section 7, the conclusions of this paper are presented.

2. Content Steps of the Kumar-Malik Method
In this section, we introduce the Kumar-Malik method. First, let us consider that we have an NLPDE of the form:

Gu,u u,u_,u,u,:)=0,

X, 127 xx?7Vxt? (2)
where u =u(x,t) is an unknown function containing x and ¢ .
Step 1: We perform the following traveling wave transformation:
u(x, y,0) =v(&), & =x+ay—rt, (3)

Here, ®,r represent constant coefficients. Substituting Eqg. (3) into Eqg. (2), we obtain the following ordinary
differential equation:

F(v,v',v”,vw,---) =0.
Step 2: Assume that Eq. (4) has a solution of the following form:

W) =Ly +LOE)+L,OE) +..+L,B(E)",
where the L, (i=1,2,..,N) and ©(&) satisfy the following first-order differential equation:

[®' (95)]2 = 131®4 &)+ :Bz®3 )+ ﬂ3®2 (&) +B,0()+ B, (6)
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where ﬂ,—(i= 1,2,..,5) are arbitrary constants.
Step 3: The value of N can be determined by applying the balancing principle in Eq. (4).

Step 4: Substituting Eq. (5) and its derivatives into Eq. (3) yields a polynomial in ©(£)® (£) . By collecting all
coefficients of like powers and setting them equal to zero, we derive an algebraic system involving /3, (i=1,2,..,5).
Solving this system leads to exact solutions of Eq. (4).

Step 5: Finally, we can use the transformed solutions of Eq. (3) and Eq. (4) to create an analytic solution of Eq. (2).
Next, we give the exact solution of Eq. (6) by considering that there are four different cases as follows. For
convenience, we will use the following notation throughout this article.

hy = 4B1B5 — ﬁzz: hy = 166,85 — 5322' hs =8BB3 — 3322- (7)

,32’11 B =

Case1: 3, = 0. Then Eq. (6) has the following Jacobi elliptic solutions:

set1.1. 3, <0,h >0

182 + ﬂz V lhl ﬁz

0,,.(5)=
45, 4131 B 2\/_ (8)
®1,1,2(5):_ by ﬂz dn 2\/— .
45, 4p, 4J ﬂl
9
set1.2. 5, <0,k <0,h, <0
0121(8) = 22 £ L cn (i ¢ ol (10)
0O1,22(8) = BZ"‘\/TZ (mf m). (11)
set1.3. 5, <0, >0,h, <0
_ ﬂz VT lhl ﬂz
0,,,(8)= + _ 2\/_
W A (12)
2./h
0,12 = L e Y na L JT).
i A 'Bl (13)
set1.4. Bh, >0,hh, >0
NYN /NN
141(5)_ 182+ﬁ2 ﬁllé; 12)

46, 4B, 2ﬂ1 " 2h 7 (14)
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set1.5. 5, >0,h,<0

Bl
PP
84,

Case2: 3, =

Bs =

set2.1. £, > 0,4, <0

set2.2. B,>0,h,>0

Bl
P
84,

set3.1. 5, <0,h, <0

Case3: 3, =

Bs =
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h 2\/hh
0,1:(0) = L a Lo ¢ TR
ﬂl 4181 4ﬂ1 h2 (‘] 5)
1/ h
®1.5.1(§)_ IB2 * ﬁ2
AB 4B 4J_ 5 16
152(‘):)_ 4 4 4IBI \/—h)o
ﬂl ﬂl ﬂl - (17)
—h —h
0, (&)= LoV g Lo g )
4B, 4B AR T By (8)
®1,5,4(§)_ 4IBZ +4ﬁ2 4ﬂ1 h ).
AR A J 9
64,81 , Eq. (6) has the following triangular and hyperbolic solutions:
0,,(&)= L2 eV gy 00 )
4ﬁ1 4ﬂ1 4ﬂ1 (20)
212('):)_ COth(
4ﬁ1 4ﬂ1 4ﬂ1 (21)
0,,,(8)= 4232 T :1/; éfg :
1 1 1 (22)
0.6~ Lo x Vg (IP,
4ﬂ1 4ﬁ1 4ﬂ1 (23)
& Eqg. (6) has the following triangular and hyperbolic solutions:
2563
2
00, ()= o e
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set3.2. 5, <0,4,>0

B 2h 2R
0., ()= e e )
1 1 1 (25)
set3.3. 5, <0,k <0
_ -2h -2p8h
0,,,(8)= 4§2 * \/4ﬂ : Sec(\/ 451 28,
1 1 1 (26)
B "2k =2Bh
0,6~ o1 s
1 1 1 (27)

3. Application of Kumar-Malik Method to the CBS Equation

In this section, we use the Kumar-Malik method to solve the CBS equation. Let us consider the following traveling
wave transform:

u(x, y,0) =v($),& = x+ay —rt, (28)
Here @ and r are constants and substituting the above transformations into Eq. (1) yields
" = +(a+b)av'v =0. 29)
Integrating both sides of Eq. (29) yields

v’ —rv +l(a +b)a)(v')2 =M.
2 (30)

By setting M=0 and substituting @(&) with v, Eqg. (30) is converted to the following second-order ordinary
differential equation:

m"—r¢+l(a+b)w¢2 =0.
2 (31)

According to the homogeneous balance principle [47-50], from Eq. (31), we have N =2 and

Substituting Eq. (32) and Eq. (6) into Eq. (31), we get the following system of equations:

0'(&):  6al,p + % (a+b)wl; =0,

@’(&): wQLpB +5L,p,)+(a+b)wl L, =0,

@*(&): a)(% B, L +4L, ,sz —rL, + %(a +b)a(L; +2L,L,) =0,
0'(&): w(BL +3L,B,)—rL +(a+b)wl,L, =0,

Q°(£): wGL1 + 2L2/35J —rL, + %(a +b)wl; = 0.

(33)
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By solving the above system of equations we get

_ (ﬁ2ﬂ3 + 6181134) + \/IBZZIB32 + 12ﬂ1ﬂ2ﬂ3ﬂ4 + 3613121342 B 6ﬂ23164 B 48:811622:85

L,
(a+b)p,

Ll — _6ﬂ2 ,
a+b

L= -124 ’
a+b

r= a)(6’8ﬂ;’84+,b’3 +(a+b)L0J.

2 (34)

ﬂ2hl

Case 1: B, ==, =0.Then Eq. (1) has the following Jacobi elliptic solutions:
1

Set1.1. 8, <0,/ >0

¢]'1_1(X,y,l‘) =

3 2 \/_ ﬂ1 (4ﬂ1ﬂ3 _ﬂzz) ﬂ
38, (1- —rt), 2
proce | AR e, )
168,28+ (48,8, — B4 BBy +9B, (4B, — .1 —128,")
- (4ﬂ1ﬂ2ﬂ3 + 3ﬂ2 (4ﬂ1ﬂ3 - ﬂzz ))

Ha+b)pp; ’ a5

9 1,(x,p,0)=
38, (1-dn’ L(x+a)y—rt),2—v4ﬂ“83_ﬁ2 )
4\/_51 132

+ \/16ﬂ22ﬂ32 + 24181132183 (4181183 - ﬁzz) + 91822 (4181183 - ,Bzz )2 - 12ﬂ24(4ﬂ1ﬂ3 - ﬁzz)
~(4B. S +3B, (4B~ )

4(a+b)ﬁ1ﬁ2 ' (36)
Set1.2. B, <0,k <0,h, <0

¢I.2.l(x’y:t) =

38



Exact Traveling Wave Solutions of the (2+1)D CBS Equation Hu et al.

2 \/:Bl (4ﬂ1ﬂ3 _ﬂzz)

25
1657 B + (4B, — B AB LS +9B, 4B, B. - B, -1215,")
- (4ﬂ1ﬁ2ﬂ3 + 3182 (4181:33 - ﬂzz)) + 3/323

488.8,5, —15,7 )en (x+ay—rt),K,

4(a +b)ﬂ1ﬂ2 , (37)

where K = \/(4181183 _ﬁzz)(l6ﬁ1ﬁ3 _Sﬁzz)
1 2(4ﬂ1ﬂ3 _:322) .

G 20(x, 3,0 =

VB(68,5,-54,")
24

+ \/16ﬂzzﬁ32 + (4ﬂ1ﬂ3 - ﬂzz)(24ﬂ1ﬁ2ﬂ3 + 9ﬂ22 (4ﬂ1:83 - ﬂzz) - 12ﬂ24)

~ABBS+3B,(4B.Ss = B +38,

(488,8,B, 153, ydn’

(X+CQ)/—I’1),K2

4a +b)ﬂ1ﬂ2 ’ (38)

2J(4B.B, - B.Y16B,B,~55,)
1688, -5, '

where K,

set1.3. 5, <0, >0,h, <0

G5, (X, 0,0) =

3 2 \/_ ﬂl (4ﬂ1ﬂ3 _ﬁzz) IB
RS, —15p, ) :
1657 B + (4B, B~ B.)AB S +9B, (4B, - B,)-1218,")
- (4ﬂ1ﬂ2ﬂ3 + 3182 (4ﬁ1ﬂ3 - ﬂzz)) + 31823

4d(a+D)B B, , (39)

¢I.3.2(x’y> t) =
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2\/ 4ﬂ1ﬂ3 B 1322

s,

168, B +(4B.B,— B)ABB B, + 9B, (4B — B —128,")
- (4ﬂ1ﬂ2ﬂ3 + 3182 (4ﬂ1ﬂ3 - 1822 )) + 3ﬂ23

(488,5,5, ~15 4, )nd® N‘iz—ﬂl(xmy—rr),

4a+b)p\ B,

set1.4. Sl >0,hh, >0

Ga (X, 0,1) =

" (lnc{m GRB=B) s ooy VBB~ BOA6SP.=5P, >J

2ﬁ1 2(4ﬂ1:83 - ﬁzz)

+ \/16/322/332 + 24ﬂ1ﬂzﬂ3 (4131:33 - ﬂzz) + 9/322 (4181133 - ﬁzz)z - 12ﬂ24(4ﬂ1ﬁ3 - ﬂzz)
~@BS+3B(4BS =B

4a+b)p,p,

B an(x,,0) =

38 dz[Jﬂl(mm 5B (4 a2V BB BB =55 )J
4181 16131:33 _5182

+ \/16ﬂ22ﬂ32 + (4ﬂ1ﬂ3 - ﬂzz)(24ﬂ1ﬂ2/33 + 9[322 (4ﬂ1ﬂ3 - 1322) - 12ﬂ24)

- (4ﬂ1:82ﬂ3 + 3ﬂ2 (4181133 - ﬂ22)) + 3ﬁ23

4a+b)p, B,

set1.5. 5,>0,h, <0

G5 (X, p,1)=

3y (1o 452_1(x+a)y—rt), ‘/_(16ﬁ1§23—5ﬁ2 )

+ \/16ﬂ22ﬂ32 + 24ﬂ1ﬂ2ﬂ3 (4181133 - ﬂzz) + 9ﬂ22 (4131133 - ﬂzz)z - 12ﬂ24(4ﬂ1ﬂ3 - ﬂzz)
- (4ﬁ1ﬁ2ﬂ3 + 3ﬂ2 (4ﬂ1ﬂ3 - 1322 ))

4(a+b)p\ B,

B s2(x, y,0) =

40

(41)

(42)

(43)



Exact Traveling Wave Solutions of the (2+1)D CBS Equation Hu et al.

3 2 \/_ ﬂ1(16ﬁ1ﬁ3 _Sﬂzz) ﬂ
43 1~2/3 -15 2 ) Z
(BLLP—155 )nS( ) (x+ay rt)m
+ \/16ﬁ22ﬂ32 + 24181182:33 (4131133 - ﬂzz) + 9ﬁ22(4ﬂ1ﬂ3 - ﬁzz)z _12ﬁ24(4ﬁ1ﬁ3 - ,Bzz)
- (4181132/33 + 3ﬂ2 (4[31[33 - 1322)) + 3ﬂ23

4(a + b)ﬂlﬂZ ’ (44)

G s3(x,p,0) =

L \ 5:322 B 16ﬁ1ﬂ3 ]

(48,5, 5, _151323)57”2[4\/51 (x+ay—rt), 5,

+ \/16ﬂ22ﬂ32 + 24181182ﬂ3 (4:81:83 - ﬂzz) + 9ﬂ22(4,81:83 - ﬂzz)z _12ﬁ24(4ﬂ1ﬁ3 - ,Bzz)
- (4ﬂ1ﬂ2ﬁ3 + 3ﬂ2 (4ﬂ1ﬂ3 B ﬂzz)) + 3ﬂ23

4d(a+Db)B B, ’ (45)

B sa(x, 0,0 =

s [ V-Ba688,-58) B
-3p, —rt), 2
e { 4 T Cepp e sp
+ \/16ﬂ22ﬂ32 + 24181132183 (4181133 - ,Bzz) + 91322 (4181133 - 1822 )2 - 12ﬂ24(4ﬂ1ﬂ3 - :822)
— @B BB, +3BEB B - B +3PB,]

4a+b)B,p, ' (46)

h h’
Case2: f, = Py 21 P =—1 7. EQ. (1) has the following triangular and hyperbolic solutions:
84, 645,

set2.1. 5, > 0,4, <0

P11 (X, p,0) =

\/_ ﬁ1 (8131133 - 31322)
4B
168,28 + 24 BB, BUABS — B =3B (4B By — B, 128, (45,8, - B,1)

—(4B.BSB+3B (4B — B +3B,

(x+awy—rt)

38L.8,5; - 3ﬂ23 ) tanh’

Ha+b)fp, | “7)

41
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Integrating the above equation with respect to <&=x+aw@y—rt, and using the identity

Itanhz (k&)dé=¢ —%tanh(kﬁ), we obtain the exact solution u(x, y,?):

Uy 1(X 0, 0) = A (x+ay—ri)+ > |7k tanh[—“_M(X+ wy—rt)}+ C.

(a+b) ﬂl 4ﬂ1

(48)
@1 2(x,0,1) =

38405, 3ﬂ23)coth2{‘/ AERRIED (cap- mj
+ \/16ﬂ22ﬁ32 + 24ﬂ1ﬂ2ﬂ3 (4131133 - ﬂzz) - 3ﬁ22 (4ﬂ1ﬂ3 - 1322)2 - 12/324 (4/31:33 - ﬂzz)
- (4ﬂ1ﬁ2ﬁ3 + 3ﬁ2 (4/81183 - ﬁzz )) + 31823

4a+b)p | o)

Integrating the above equation with respect to <&=x+aw@y—rt, and using the identity

Icothz (k&)ds = f—%coth(kf), we obtain the exact solution u(x, y,t):

Uy ,(x,y,0) =L (x+ay—ri)+ 3 ™h Coth(—“_ﬁl%(ﬂ wy—rt)}+ C.

(a+b)\ B 44

(50)
set2.2. 5, >0,h,>0
G5 (X, ¥,0) =

SEALS 3B tanzwﬂ O v rr)J
+ \/16ﬁ22ﬂ32 + 24181182:83 (4:81183 - ﬂzz) - 3ﬂ22(4ﬂ1:83 - 1822)2 - 12:824 (4181183 _1822)
—(4B.B. Sy +3B,(4B.B, — B, ) +35,]

4(a+b)pp, ’ (51)

Integrating the above equation with respect to <&=x+wy—rt, and using the identity

J.tan2 (k&)déE = %tan(k/:) — &, we obtain the exact solution u(x, y,t):

3 ﬁ tan(—“ Pil

Uy, (X, y,0) =4 (x+wy—rt)———— v

@+ 5 (x+a)y—rt)}+C,

(52)
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P02 (X, p,1) =

\/:Bl (8ﬂ1ﬂ3 B 3ﬂ22)
4p,

+ \/16ﬁ22ﬂ32 + 24131:Bzﬂ3 (4131133 - ﬂzz) - 3ﬂ22 (4ﬂ1ﬂ3 - 1322 )2 - 12:324 (4131133 - ﬂzz)

- (4ﬂ1ﬂ2:33 + 3ﬂ2 (4131133 - ﬁzz )) + 31823

-38B.8.5; - 31823 ) cot’

(x+awy—rt)

4d(a+D)B B, . (53)

Integrating the above equation with respect to <&=x+aw@y—rt, and using the identity

J.cotz (k&)dE = —5—%00‘[(/{5), we obtain the exact solution u(x, y,?):

Iy O{\/ﬂlhs

(x+a)y—rt)J+C.

, V1) = +ay—rt)+ —=
Uys,(X, ¥,0) = A (x+ @y —rt) @+0)\ B ¥ 48,
(54)
In this subsection, the linear coefficient A4, is defined as
- V168, B +245,5,,h ~36," W ~128,'h ~3B,h + 20,,8, 65,
4(a+b)pBp,
Bl By hy o . .
Case 3: = , B. = ——=, Eq. (1) has the following triangular and hyperbolic solutions:
B, Yk B 2565, q g triang yp
set3.1. f <0,k <0
@5, .(x, 3,0) =
28,888, 38,
s, -3 | 1 P (o
1
+ \/16,822/332 + (4ﬂ1ﬂ3 _ﬁzz)(24ﬂ1ﬁ2ﬂ3 + 9ﬂ22(4ﬂ1ﬂ3 _:Bzz) _12/324) + K3
~(4BSSs +3B 4B B~ ) +35,
4(a+b)ﬂ1ﬁ2 ’ (55)

4 2
where K5 =-36, (1648, -55,").
Integrating the above equation with respect to <&=x+a@y—rt, and using the identity

J‘sech2 (k&)dE = %tanh(kf), we obtain the exact solution u(x, y,t):
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Uy (X, 1) = ﬂz(x"‘wy_”)‘ki LY tanh(ﬂ(x—ka)y—rt)]+c‘
(a+b)\ 25 4p,
(56)
set3.2. f, <0,4,>0
Gy 0.(x,3,0) =

- 3(8ﬂ1ﬁ2ﬂ3 - 31823)0‘90}12{\/2’81 (8ﬂ41§3 - 3182 ) (x Toy-— rt)]
+ \/16ﬂ22ﬂ32 + (4ﬂ1ﬂ3 - ﬂzz)(24/31ﬂ2ﬂ3 + 9ﬂ22 (4ﬂ1ﬁ3 - 1822) - 12ﬂ24) + K3
- (4ﬁ1ﬁ2ﬂ3 + 3ﬁ2 (4ﬂ1ﬂ3 - :822 )) + 3ﬂ23

Aa+b)p g, ’ (57)

4 2
where K;=-36, (16,8, -55,").
Integrating the above equation with respect to <&=x+wy—rt, and using the identity

Icschz (k&)dE = —%coth(kﬁ) , we obtain the exact solution u(x, y,):

Us (X, p,0) = ﬂ'z(x_"a)y_rt)‘ki A COth(—'zﬂlh}(x+ a)y—rt)J-i—C_
(a+b)\ 25 4/
(58)
set3.3. 5, <0,h, <0
Gy 5.(x,3,0) =
685, 5.5, 3ﬂ23)860{\/ Ml(gf ‘;3 D ey n)J
+ \/16,822[332 + (4[31/33 - ﬁzz)(24ﬂ1ﬂ2ﬂ3 + 9/322 (4/31/33 - :Bzz) - 12:824) + K3
~(AB BB +3B, (485~ B, +3p,]
Ha+D)pf, | .

4 2
where K =-36, (1648, -55,").
Integrating the above equation with respect to <&=x+wy—rt, and using the identity

Isecz (k&)d& Z%tan(kf), we obtain the exact solution u(x, y,t):
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”3.3.1(35,%0 =/12(X+a)y—rt)+

— hs tan Vo 2ﬂ1h3
(a+b)\ 25 4p,

(x+a)y—rt)}+C.

Py 3,(x, 1) =

\/_ 2ﬁ1 (8ﬂ1ﬂ3 - 3ﬂ22)
4/,
1657 B+ (4B~ B.)AB LS, +9B, (4B, B - ) -128,") + K,

- (4ﬂ1ﬂ2ﬂ3 + 3ﬂ2 (4131183 - ﬂzz )) + 3ﬁ23

6(8 8,5, — 3ﬂ23)cscz[ (x+ay— rt)J

4a+b)p\ B,

4 2
where K =-35, (16,8, -55,").
Integrating the above equation with respect to <&=x+a@y—rt, and using

J.cscz (k&)dé = —%cot(kf) , We obtain the exact solution u(x, y,):

— h3 cot A 2/5’11’13
(a+b)\ 25 4P

u3.3.2(x9y9t)=ﬂ’2(x+a)y_rt)_ ()H—&)y—rt)}%-c.

In this subsection, the linear coefficient A, is defined as follows:

L _I6B B hQABSL OB h ~ 125"V + K, (4B BB, + 3B + 3B,

Ha+b)p\ B,

4. Improved F-expansion Method in the CBS Equation

According to the improved theory of F-expansion method, we have
N . .
(&)= (A(p+®(&) +B,(p+P(&)™),
i=0

where @ =®(¢) is the solution of the following ordinary differential equation

) ey e,

dg

the

Hu et al.

(61)

identity

(62)

(64)

where A4,B.(i=0,...,N) are indeterminate coefficients to be solved for in subsequent steps, and the following

analytic solutions are given.
Case l. 7 <0, Eq. (64) has the following hyperbolic solution:

®,(&) =/~ tanh(v/-7&),
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D, (&) =——7 cosh(v—79). (66)
Case ll. 7 >0, Eq. (64) has the following triangular solution:

@, (&) = —7 tan(\/7&),

(67)
®,(8)= —Jz cot(z&). (68)
Case lll. 7 =0, Eq. (64) possesses the following rational solutions:
1
Q,(8)=-~.
4 (69)
According to the homogeneous balance principle, from Eq. (31), we have N =2 and
HE)= Ay + A (P+ D)+ 4,(P+D)* + B, + B(P+D) ' + B,(P+ D), 70)

Substituting Eq. (70) and Eq. (64) into Eq. (31), we obtain an algebraic system. Solving this system yields solutions
for the following coefficients:

Family 1.
12p°
A4,=-=L B 4=04=0,
a+b
3 4
BOZBO,BIZMP B, = 12p

a+b (71)
We can obtain the solutions of Eq. (1) as:

Case l. 7 <0, Eq. (1) has the following hyperbolic solution:

1279 tanh> (V= 7 (x + @y — rt))
(a+b)(p—+—7 tanh> (V=7 (x+ ay —r1))) (72)

By1 11X, p,1) =

Integrating the above equation with respect to & = x+ @y —rt, we obtain the exact solution:

0 = 2p’ £T§+\/;(—T)”4tanhl((_r)m tanh(J—_ré)Dm

a+b)(p—~-7) Jp (73)
Byy12(%, Y1) = 12 cosh® (W=7 (x + aw = 1)
Y (== cosh? (N—z (x -y —11))) (74)

Similarly, by integrating Eq. (74) with respect to &=x+@y—rt, the exact hyperbolic representation is
determined:

12p2 —. \/; . \/;tanh(\/—_ré)
P \/_Tf —p_\/__rtanh p_\/__z- +C.
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Casell. 7 >0, Eq. (1) has the following triangular solution:

129p° tan® (N7 (x + wy — 1))
(a+b)(p+rtan* (Ve (x+ay—rt))’ (76)

¢4.1.2.1(x9y9t) ==

Following the same integration procedure on Eq. (76), the exact triangular solution is obtained as:

2

P (rﬁ—\/;rm arctan[ﬂ tan(\/;f)B+ C.
Jr

Uy o,(X,0,0) =

12
(a+b)(p—+7)

(77)
b Coyit) = 1200 cot® (N7 (x + cwy — 1))
w2 (a+b)(p—~7 cot’ T (x+awy—rt) 78)
Analogously, integrating the auxiliary function Eq. (78) directly yields:
12p? Ll NP
Uy 2,(X,1,0) = (a+ b)(P N \/;) (Tf"' \/;Tl/4 tanh 1(% tan(\/;f)jj +C.
P (79)
Case lll. 7 =0, Eq. (1) possesses the following rational solutions:
12p°
¢,,,(x9yat):_ )
e (a+b)(p(x+ay—rt)—1)° 80)

By carrying out a straightforward integration on Eq. (80) with respect to &, we find the corresponding rational
solution:

12
Uy 5 ,(x,0,0)= P +C.
(a+b)(p(x+awy—rt)-1) 81)
Family 2.
12p2 24p -12
=- - B, 7A = 5A = ’
5 a+b U7 a+b’? a+b
B,=B,,B,=0,B,=0. (82)
We can also obtain the solutions of Eq. (1) as:
Casel. 7 <0, Eg. (1) has the following hyperbolic solution:
12T 2 \/_
Proi (X, 0,0) = tanh” (V-7 (x+ @y —r1)).

By integrating the above expression with respect to & = x + @y —rt, the exact soliton wave is expressed as:

Ugo g ,(X,,0) = c:irb (f - \/i_’[ tanh(\/—_‘l'f)j +C.
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127

cosh’ (\/—_T(x +wy —rt)),

Byrr (X, 1,1) =
42.12 (a+b) (85)

Likewise, the corresponding integral form yields:

Uys (X, 0,0) = ;22‘ (é'i‘ ! . Sinh(2\/—_2'f§)j+c.

Case ll. 7 >0, Eq. (1) has the following triangular solution:
127
B0 yt) = ————tan’ (Vo (r +-ay — 1)),
Through direct integration with respect to &, we get:
12z (1
Uypo (X, 1,1) == (—tan(ﬁf)—é}C
a+b \/; (88)
127
B2 y,1) = ————cot’ (Vo (x +ay —r1),
(a+b) (89)
Subsequently, evaluating the integral of Eq. (89) produces:
127 1
Uypo (X, 1,1) = (§+_00t(\/;§)j+c-
a+b \/; (90)
Case lll. 7 =0, Eq. (1) possesses the following rational solutions:
12
Pyrs (X, ,0)=— 5
(a+b)(x+awy—rt) (91)
Integrating this rational expression term by term, we arrive at the final formulation:
12
Uy s ,(X,0,0) = +C.

5. Graphic Display

In this section, we present graphical representations of selected obtained solutions. Using Maple software, we
visualize these solutions through 3D plots, 2D graphs, and contour maps. Beyond generating visualizations, Maple’s
symbolic computation capabilities were extensively utilized (as outlined in the algorithmic flowchart in Section 5) to
verify the algebraic systems and critically confirm that substituting our derived analytical expressions back into the
original CBS equation strictly yields zero, thereby achieving dual graphical and mathematical validation.

By setting a=4,b=2 in Eq. (1), we obtain the classical CBS equation in its standard form. Our study has

constructed various types of exact solutions, including hyperbolic, trigonometric, and rational functional forms. To
illustrate the dynamical behaviors of these wave structures, we select three representative cases for graphical

display: a kink wave solution (u, , ,), a singular periodic wave solution (4, , ,), and a rational singular solution (4, ; 5 ;).
Their 3D plots, 2D wave profiles, and contour maps are presented in the following figures.
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=10 =5 o 3 1n 15

(a) (b) (c)
Figure 1: Visual interpretations of the solution uz'l_l(x, V,t) for Eq. (1) are presented: (a) 3D plot, (b) 2D plot, and (c) contour
plot, where B, =1, 5,=2, 5;,=05,a=4,b=2, =1, y=0,C=0.

(a) (b) (c)
Figure 2: Visual interpretations of the solution “2_2_2(xa ¥y, t) for Eq. (1) are presented: (a) 3D plot, (b) 2D plot, and (c) contour
plot,where B, =1, 5,=2, f,=2,a=4,b=2,0=1, y=0, C=0.

The 3D plot in Fig. (1) illustrates the evolutionary characteristics of the kink wave solution (u, | ;), which describes

a smooth transition between two distinct asymptotic states superimposed on a linear background. This topological
soliton maintains its wavefront profile during propagation, as confirmed by the shape-conservation property shown
in the 2D plot. The contour map clearly reveals the linear trajectory of the kink, representing the steady-state
propagation of a wavefront disturbance in nonlinear media. Fig. (2) displays the singular periodic wave (u,,,),
characterized by a series of repeating peaks that approach infinity. This pattern reflects the periodic instability and
localized energy concentration inherent in certain nonlinear oscillating systems. The 3D undulations and the striped
patterns in the contour plot quantitatively demonstrate the global periodicity and the recurring singular behavior
of this trigonometric solution. Furthermore, the rational singular solution (u, ;,) is visualized in Fig. (3). Unlike
smooth solitons, this solution exhibits a localized "blow-up" phenomenon where the amplitude becomes infinite at
a singular point. The sharp isolated peak in the 3D plot and the corresponding high-intensity focus in the contour
map capture the localization of an extreme event, which is of great significance in modeling wave collapse or energy
focusing in fluids and plasmas. Together, these diverse wave structures-kink, singular periodic, and rational singular-
reveal the rich and complex dynamical spectrum of the CBS equation.
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Lo

20

Figure 3: Visual interpretations of the solution u4.1.3.1(x,y,t) for Eq. (1) are presented: (a) 3D plot, (b) 2D plot, and (c) contour
plot, where p=2,a=4,b=2,w=1, y=0,C=0.

6. Stability Analysis

Stability is a fundamental requirement for the mathematical and physical validity of exact solutions in nonlinear
dispersive systems. In this section, we investigate the linear stability of Eq. (1). We employ the standard small
perturbation expansion method from linear stability theory.

Let the perturbed solution be

u(x, y,t) = p+&d(x, y,t), (93)

where p is a constant background solution, 0 <& =1 is a small perturbation parameter, and d(x, y,f) denotes
the weak disturbance.

Since p is constant, it is straightforward to verify that it satisfies Eq. (1). Substituting Eqg. (93) into Eq. (1), we
compute

u,=é&o,, u,=&eo,, u,=&od,, (94)
xXxXxy = 85)000)
Substituting into Eq. (1) yields
2 2 -
£0,+&0,,,tae0.0,,+b&’6,.0,=0. (95)
Neglecting higher-order terms 0(52) and dividing by ¢, we obtain the linearized equation
0y 0., =0. (96)
To derive the dispersion relation, we assume a plane-wave solution of the form
— i(hx+ly-vi)
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where h and [ are real wave numbers in the x-and y -directions, respectively, and v denotes the frequency.
Substituting Eq. (97) into Eq. (96), we obtain

(ih)(=iv) + (ih)* (il) = 0.

(98)
After simplification, this leads to the algebraic equation
hv+h’1=0. (99)
Solving for v, we obtain the dispersion relation
v=—hl (100)

From Eq. (100), it follows that v is real for all real wave numbers 4 and /. Therefore, the perturbation solution
remains purely oscillatory in time and does not exhibit exponential growth or decay.

Consequently, the constant background solution u = p is linearly stable. The above result shows that, at the

linear level, the interplay between the mixed derivative term u#,, and the higher-order dispersive term u___ does

XXXy

not induce modulation instability.

7. Conclusion

This study successfully applies the Kumar-Malik method and an improved F-expansion method to conduct in-
depth investigation of the (2+1)-dimensional Calogero-Bogoyavlenskii-Schiff equation, systematically establishing
effective approaches for simplifying and solving this complex nonlinear equation. Through these methods, we have
successfully constructed a diverse array of exact solutions to the CBS equation, including hyperbolic solutions,
trigonometric solutions, and rational function solutions. Among these, distinct wave structures such as kink waves,
singular periodic waves, and rational singular solutions have been clearly identified and visualized. From the
perspective of solution achievements, the newly obtained series of exact solutions significantly expands the solution
space of the integer-order CBS equation. These novel solutions provide more comprehensive and precise
mathematical descriptions enabling deeper insights into the physical phenomena governed by the CBS equation,
such as the propagation and interaction of Riemann waves in hydrodynamics and plasma physics. The discovery of
these diverse wave patterns contributes to clarifying the nonlinear dynamic behaviors of the system under varying
conditions, thereby deepening our understanding of the intrinsic dynamical mechanisms of the CBS equation.

The research outcomes inject new vitality into scholarly investigations in related fields. They lay a solid theoretical
foundation for subsequent scholars to explore potential applications of the CBS equation further, such as in
simulations of more complex fluid and plasma systems. Simultaneously, these findings are expected to stimulate
more innovative methodological research on solution approaches for nonlinear partial differential equations,
promoting continuous advancement in this field and facilitating a more profound and comprehensive
understanding of complex physical phenomena.
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Appendix A: Summary of Representative Exact Solutions

The following table summarizes the representative exact solutions derived in this study, encompassing
hyperbolic, trigonometric, and rational localized wave structures. To maintain compactness in the table, the variable
& =X+ wy—rt represents the traveling wave parameter.

Table 1: Summary of representative exact solutions.

Exact Solution Expression u(x, v, l‘)

Eq. No. Type
- J-Bh
(48)(Uy 1 1) Hyperbolic 1154_ 3 h3 tanh ﬂl 3 £lvc
(a+b) ﬂl 4181
- —Bh
(50) (Uy 1 5) Hyperbolic ,11984_ 3 hs coth ﬂ1 3 glec
(a+b)\ B, 4.3
3 3 ,Blh3
52) (U Tri tri _ B tan +C
(52) (Uy 5 1) rigonometric j,lé @t 'Bl 4/31 &
3 h h
(54) (U, 5 5) Trigonometric 11§+ 3 cot ﬂl 3 f +C
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A28,k
(56) (U3 1) Hyperbolic ,E+ 3 hy tanh Pihy E|+C
h (a+b)\ 25 4P,
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- 28 h
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Appendix B: Comparison with Representative Solutions from the Literature

To highlight our novelty, Table 2 compares our findings with representative solutions from [39, 40, 41]. These
prior works employ fundamentally different techniques—the exp(—®(¢’)) expansion, Lie symmetry reduction, and
Hirota's bilinear methods—yielding solution forms structurally and parametrically distinct from our kink, periodic,

and rational wave families.

Table 2: Comparison of representative exact solutions.

Source Method Representative Solution Expressions

44 +C

u =
Ref. [39] exp(—D(<)) expansion 3 (&, +h) A —4u
A —-4ut +1
\ [ ta 5
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A |
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C
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Note: In Ref.[39], {|, = x+y—(A —4u)t, ¢, = x+y—A't.InRef. [41], 0, =kx+mz—k’mt (i=12).Inalltables,
E=x+wy—rt.
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